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_Each fall a.large number of parents~discover that some-
thing has happehed to the mathematics courses their children
are studying in school: Homework assignments contain new words
7 and ldeas, and parents often find that they can no longer Help
- their’ chiigren do their arithmetic problems ) ;
- i Such a Qituation naturally raises a host of question®’ in ’
! the. minds of parents "Most of these have already been amswere% N
in print (See "The Revolufion in School Mathematics," National T
<'_ Council of Teacﬁers of~Mathematics, 1201 - 16th Street, N. W s )
Washington 6, D. C,); but there aré some which defy brief expla-l(
- . mation. Two of them are: "&Hat are some of the new ideas, and.
- what good are- they°" and "What's different about the new way of
doing mathematics?" The purpose’ of this booklet 1is to provide- e

'parents Wwith some answers to these questions. -

-

< The only way to see what 1s different about the new way ar
doing mathematics is to study some mathematics presented in s .
new way. The only way to understand what one of the new topics
reai;y¢is is to sfudy 1it. This-booklet is therefore a minilature
" textbook for parents and should be used as such.

- B -

‘The two chapters which follow have been ejtracted from a
seventh grade text prepared by the School MatRematics Study °
* Group. The first i1s devoted to a topic which/fis contained in -
many of the new mathematics)programs but. whifh was not, until
recently, a normal part of .the curriCulum The secOnd chapter '
is an 1llustration of a new way of treating an old topiec, the
arithmetic of whole numbeﬁs

Interspersed throughout these chapters are some remarks, -
- which .are Indicated, ‘as here,; by a heavy dark 'line in the margin.

TheSe remarks, originally addressed,to the teacher, are concerned s
with both the why and the how Of the student material.

‘ * ) .
N .. — f
.
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The nature of mathematics 1s such that one leabns very
- little by a casual reading.of -the pdges. It 1s hecessafy to
’ study the text carefully, -read slowly, perhaps‘ take notes, and
- gbéve all to work the problems. (Answers are at the end of the
béoklet.) Hundreds of thousands of seventh graders have al-
‘r4§d§ studied this material with profit and pleasure: We hope

.

: ° you will enjoy it also.
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e N Chapter 1 -7

, NUMER.ATiON h N

' -

. . -
\Fpr this uﬁit little background is needed except familiarity )
‘with the number symbols andithe basic, operations with numberst —
The purpose of the unit 18 to feepen the' pupil s understénding of
the dec}mal notation for whole numoers, especlally with regard to
place value, and thus to help him delve & little deeper: into the
reasops for the procedures, which he already knows, for carrying
ouI the addition and multiplication operations One of, the best
ways to_accomplish Uhis is to consider iystems &f riumber
hotations uséng bases other, than ten. Sinee, in .using a new baqe,
the pupil must necessarilyAQe&&sﬁﬁ%the~feasonssfor 'carrying" and
the other mechanical procedu;es in-a new light 'he should gain oy
deeper insight into the. decimal system "A certain amount of
computationfin other systems .15 necessary to “fix" these ideas,
but such computation ghould not bé,regarded as af end “in itself.

’ The decimal system is used in most of the world today beéauee
it i8 a better 'system than any otner niiber system we know of.

Tt

symbols for our numerals. Thesg symbols, which are called digits,
are 1, 2, 3, u 5, 6, 7, 8 9, and 0. The word digit refers to

Qur fingers and to. these teh number symbols With t e ten o
symbols we can write a number as- }arge 6r ag small agﬁ:e w1sh

The decimal systen uses the idea of place value t® represent
the size of a group. The size of the group represented’by
symbol depends upon the position of the symbol oY digit In-a

-numeral. The symbol tells us how many of that group we have’. In

the numeral .123, the "1" represents one group of bne hundred; the
2" represents ¢wo groups of ten, or twenty,;and the "3".
represents three ones,. or three w

~ 4

I_‘“. ’ -.' . ’. L

Therefore, it 1s important that you understand’the system and Know

now to read and write numerals in tningystem N )
Long ago-'man learned that ib~was easierQ;o count large v

numbers of objects by grouping the objects. We use the same- idea-~

eoday when we use a dime to represent” g grdup f ten pennies,.and

a dollar to represent a group of tén q;mes Because we have ten B ‘

fingers it is naturql for us to coupt by tens.$ We use ten, S



I G . ) .

s ’ e' Since we group by tens in *the decimal system, we say 1its*
oase is-ten. Because of this’, each successive (or next) place to -

LT
the 1eft represents a group ten tImes that of the -preceding place
\

) The first place tells us how'many grodps of one The second o
ot place télls us . hiow many groups of ten, or ten times one: (10 x 1).
The third place %ells us now miny groups of ten times quv v 'f
* (10 x'lO), or ohe hundred, ‘the next, ten times ten times ten
e (lo X 10 x 10), or one tnousand; and so on. By using a'base and

* the ideas of place value, it is possible to write %ny number in

the decimal system using only. the” ten pasic symbols. There. is no
limit to the size of numbers WxiCﬂ can be represented by the '
decimal system < T ‘ N

‘ To understand.the- meaning of the number r esented by a
» 'numeral sugn as 123 we add tn‘!’ numbers represee?ed by each symbol.
* Thus f23 means (1 X 1oq) + (2 x 10) +-(3 x 1), or 100 + 20 + 3.
*The same rumber is nepresented [*\'s lOQ\+ 20 + 3 and by 123. When
‘we write a numeral such as 123 we are-using number symbols, the
idea of place value, and baee ten. ' -

. One advantage of our decimal system is tnat 1t has a sSymbol 1
" for zero. Zero is used to, f1ll places which would otherw¥se be ‘
- empty and mignt lead to m*shnderstanding “In writing the numeral
for tnree hundred seven, we” write 307.- . ‘Without a symool-for zero L~
we‘might find it necessary to write 3-7.. Tne meaning of 3-7 or
37 might be confused The, origin of the ddea of zero is un-
! certain, but’ the Hindus were usdng a symool for zero abdut
600 ‘A D or"possibly earlier. - ; - B

5 -

The clever use of*place ralue and, the symbol for zero makes
-the defcimal system one of the most efficient systems in the -
world. Pilerre Simon saplace (1/-9 - 182,), a famous French
St mathematician, 2alled txe decimal system one of the world's most

useful inventions

' g .

\Expanded Numerals and Exponenti al Notation.

d é§g;2ents are introdu ced kere in a situatiom which shows *

clearly Eheir usefulness for conctse notation. FurthermoP&,‘tnfir .
Juse ser?es to emphdsize tne role of tie basge and of position. . ..
This fole will ve more fully utilized in the sections to follow. |




e
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~ We say that - the decimal eysteﬁ of writing' numerals¥nas a
bage ten. Starting at the.units place, each place to the left
has a value ten times as large as the place to its right. Thq/
first pix places from the right to the left are shown below: 4

.

" hundred thousand ten thousand  thousand hundred ten : one
(10x10x10x10x10)" , .(10x105410x10)  (10x10x10) _(10x10) -(10) (1)

E \ <y

~ Often we write these valués more bdbriefly,*by -using 2 small
-~ numeral to the right adfd above the 10. This numeral shows now
! many lO's\are multiplied together. Numberg that are multiplied
together are called factors. In this. way, the values of the
places are written and read as follows: K .
' vt S

- .

- L e
. 116 x 10'x 10 x 10 x,10) - 102 “ten to the £1fth power"

. {10 x 10-x 10 x.10), 10" "ten to the fourth power
’ (10 % 10 x 103 10> Mten to the third power"
(10 x 10) 10° "ten, to the second spower"
SR . (10) - 161 "ten to the first gower"
;/ < (1) . '° 1 . "one"

s

- 2
‘
.

" In an expression as 102, tne number 10 is. called the base and-the
numbg ¢ 1s called the exporrent. The exponent tells riow many
‘times the base 1s taken as a.factor.in a ﬁrdducp. 1,02p indicates
(16 X 10) or 100. A number such as 10°
and in this case 1t is the secqnd power of ten. The exponent 1is

is called a power of ten,

sometimes omitted for tne first power of ten; we usually write

10, 'fnstead of 10%. All other exponerts are always written. "
Another way to write (4 x 4 x k) 1s 43 - where 4 1s the base, &nd
7 3 1is the exponenE.

How can we wyplte the meaning“of "352" with exponents?

352 # (3 x 10 x 10) + (5 x 10) + (2 x 1) T

d = (3 x 10%) +(5x10Y) + (2x1). —
_ - |

This 1is called expanded notation. Writing numerals in expanded

« notation helps explain the meaning of the whole numeral.
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« 1-3. Numerals in Base Seven. ° .o -
- - K

The purpose of teaching systgms4pf numeration in* bases other ’
than ten is not to produce facility in caldulatin with sucn
- " systems. A study of an unfamiliar system alds iA understanding
‘a familiar one, just as the study of a foreign language aids us
in understanding our own. The decimal system 1s so familiar that
its sfructyre and tne ideas involved. in its algorithms are easily
o overlooked In this section attention is focused on numerals, ;
rather than on numoers

You have known and used“decimal numerals for a” long time, ' .
*and you may think you understand all about them. Some of their
charaeteristics, however may have escaped .your notice simply '
begause tné/numerals are‘familiar to ybu. 1In this-section you
will study.a system’ of notation with a diffefent base. This will ".

1ncrea§e your understanding oT decimal numera
3

Suppose we found pedple living on Mars with seven fingers.
Ihstead of counting.by tens, a Martian might count - by Sevens.

Let us see how to write -numerals in base seven motation. This
time.we plan to work with groups of seven. Lopk at the x%s below
and notice how tney are grouped in sevens with some X's. left over.

v X X X -
i X X X X X K
X X X o
2 X o )
Figure 1-3a ) Figure l—3b . >

5 ) In Figﬂre 1- 3a, weysee one, group of seven and five more,

~ The‘numeral iw written 15 In.this numeral, the 1 shows that .
seven\ .

there is one group of sevep/‘and the 5 means that there are (1ve
ones. : ¢ : ‘.

« In Figure 1- 3b, How many groups of seven are there? .How ;

many x's are left outside the grdups of seven° The numeral = . -

* ~ representing this number of x's is 3useven‘ The 3 s%&ggs for

three groups of seven, and the 4 represents four single x's or’ -

four ones, The "lowered" seven merely shows that we.are working -
‘in base. seven. (

[l <

Lo . . 10 - . ¥ ‘ .

[see. 1-3]




“hen we group in sevens the number of individual objects
left can only be zero, one, two, three, four, five, or six.
Symbols are needed to represent those numbers. Suppose we use
- the familiar 0,1, 2, 3, 4, 5and 6 for these, rather than invent
new ymbols As you will diSCOVEP, no other symbols are needed

for the baseoseven system

-

“If the x's are marks for days, we may think'of 15 . - as a

way of writing 1 ‘week and five"ﬂy In ourqaecimal ,System we
and mrite 1t "12" to show one *

name this nugber of days "twelVe
group of ten and two more. We dg not write tqe base name in our
numerals since we all know what the base.is. :

seven
fifteen 1€ 1 ten and 5 more. We shall simply read 15, as
L)

. .
We should not use the ‘hame "fifteen" for 15 because °

seven

"one, five, base seven. '7

You know how to count in base ten and how to write the
numerals in succession Notice that one, twa,. three, four, f’ive‘
six, seven, eight, %’d nine are represented by single symbols.
~How ié)the base number "ten" represented? This representation:

10,
’

ans one group of ‘ten and zero more. _
» 1"
~ With this idea in mind, think about counting Jn base seven
Try. it,yohrself and comyare with the following table, filling in ¢

the‘nnmerais from 21 . fo 63seven' Incthis table the .
"lowered" seven is omitted. . . L ’
- )' . ' B "
’ - . -
. . \\ 8ounting in Base Seven . )

Number ) / Symbol . Number 'Sxmbol

one I | . one, four~ BUPE
) twd TR ' one, Pive t15 0,

three -3 » one, six . 16

four P - two, zebo .20

[five ; . 5 .* two, one .

six 6 F . eememeee- , --
. one, zero +10 six, thpee +,, 63 . ™

.one, one © 11 - six, feur 64

ofe, two 12 six, f{ve 65

oné, three +13 six, six : l:66

. . . B _/,
How did-ydu get: the numeral followihg 16sevedp
~‘l . . ’ 2 J“‘ -
! E t N ‘ ..
# N -
‘RJ!:« [sec. 1-3] ot
’“" A - ’ R - . ' -
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“ ¢ . .
- .
. . - .
- . . - > .
-

1, . . T ) Y
You' probablv Gb‘hough:t something like ‘thiss + ‘o .
. ) L :\‘_ . ' " ¢
R - * , 1 3 C ‘ \
* X _x X, And x- .is fre samd as :
s \ . ., - - -

. K]
. N . - ’
.
. [ ¢ .
y',w * R L .
. . M) r
. N . g 3
o v e []

which 1,s 2, grqups of seven x's and‘?) xﬁa 1«Bf‘t bver j e '
) . ]
What would the next numeral after 66se ven be?" Here you :
would have 6 sevcns and 6 ones plus another one. This equals &

*sevens ‘and another* seven, tha'c 15, seven sevens. How eeg.l.d we

repreSent (Seven) without using -a new symbol? ‘We introduo-e a <
new group, the (seven)2 group. This number would then ’oe written

+ 1000 yven" What does the mber really mean?’ Ge on from this & e
+ point and.write a few more numbers. What would be thé next
l’ : ~ s 0
numeral after 666seven ' » . .
. . . ¥,

,Place Values 1n Base Seven

w T .

(seven)? (seven) ' Jseven) v (sevenl ﬁeven) ionel
—5

!
ik . N "
P

. Notice that each place rep’é’ﬁents seven tlmes the value of "’é‘,

N

C-the nex'c place to the right The first place on the right ts the *
one ll_a_._c_e in both ’che decimal and the seven systems. \ The value

. of the second place 1s the base t:Lmes one. In this case what 1s.
17 'I'he .valwe in the third ﬁlace “from “the righ'c is (seven x °

" seven), and in the néxt place (seven x seven X séven)

. What 'is the decimal namesfor (seven X seven)" ‘We need, tQ
use this (forty-nine) when we change from base seven to base ten
Show that the.decimgd numeral for (seven) 18-343, Wnat 1is 'che

decimal numeral for (seven) ? ' ’
Using the chart abo,vel we see that ., , A& .
? eseven = (2‘x seven x seven) + (4 x seven) + (6¢x Olne)-‘ . .
‘o . °
~ ‘ v .
X B .
ot . e :
X ' ‘) ) v
-* ! ! "- ) S\ . A
- . ¢ : A ¢ . ) | N
/ © ¢ . [sec, 1-3) ~ - e

[




T -~ @ P (r\‘ .- T 4 : - '
MR ‘ R N ) .
* - L - - Y N . N "/
- S / e K \ L - s . ‘L -7 V.
! rﬁ tn d ~ % L - ' ' ) ) ! - * - lA ! g&i .
N . _— - ' SR Nl S . :
; .
—~ ; ‘ Th“e diagram shows the actual groupin?'represented by the
digits and the place valuesﬂin the numeral 246seven- . , =

,_._.__x_.,._\ . ._!,___.__._._.,\ - .

, 'ti iﬁ}’x XX x«ig)" fx X X X x {4)\ ' (ix X X X xi) x X x -
¥ .f@kxx-;XX-Jg-l @xxxxx@l (xocquc) gtxx e

IR CEEEEE: %)f (%*x X X X-X X :)L . (kxxxxx i) e
o] | l[ T
il G i eraes (INGTTTEE LRI
o Gxxxxx Xl '(xxxxxy.., L
h { XX XX XXX | X X XX X X x{ e & )
PR - . .. ‘ s
| ' {.xx’;cxx-x@; \(xxxxxxx),' - LT T
- e A — ..“ i ) ]
R . (2 x' seven x seven) _ (¥ x seven)" (6 x one) .
i If we wish to wribe the ‘number of x's a,bove in the decimal . .
system of, notation we may writed - - D B
e = {2X T X T) ¥ Bxmy e Bxns - %
S B (R S OIS AR Y S
P . ) . - « 98 - 28 :_+ 6 '/. .
' v . = l32ten’ ‘ ‘ »

. » N .
«

. Regroup the x's,above to-«show that there are' 1l (ten X ten)
\
) \J group, 3(ten) -groups, and 2 more. This should help you under-

}-L = s M .
Mf# stand that 2 6seve ,132tqn’ . . )
4‘ > - " \~ “' N . -
. : . .. ."“‘—/L . t ’ * ) /_ < -
. . . oot . . v
X Exercises 1-3. L.
. ' . ‘ " ¢
) C~/l Group the x's below and write‘the number of X's.ih base .
- ‘. : . —
i 8even notation: ; v -
. ’ . . ' o . .
/a.xxxwxx{ b, XxXXXXX e X XXX XXXXX
: . > . L c XKXXXXXXXX -
- XX XXX X Z'X X X A X XXXxxxxx ¥ .
- v XXXXXXXXX .
wa .. e X X x P X XX XXX XXX
: . ) - T XXXXXXXXXy o
- . ‘ XX XX X XX X X.X XX -
-~ L)
2. Draw x's and group them to show the meaning of the following T
) .
numerals i s . T
- - . ] ' b..' ’ . . l l
¢ - . 8 1lgayen . ~265eVen e 3geven— 9 Olgeven®
" ~ o . . ", L . e ) . )
) . ’ ’ . - {
Q . 23 - ) = v
ERIC H [se_c./l 3) s . , . .
I A i e provia c & L r N ’ ' ’ ¢ - . ° "\




3. Write each.of the follpwing rumerals in expanded: rorm and
then in decimal notation ) ¢ ‘

sefen ~ c. g'ooseven d. 5ek en':

.a'g 33Seven . b" 1#5

4, Write the next consecutive numeral' after each of the Pollow-

+

ing num.-als IR i :
; 6t'!c-:ven s SYoeven - s 666seven L
loseven BREEEEAE 162seven d S 1006seven

(AN »

5. What is the value of the "5" in ea.ch of the following
i numerals? .

a. ’56°seven' 'b" 56s'even .. 605seven d. 6050seven'

i
.

“*6. 1In the base seven system write the value of the fiftn place

‘*  ..counting left from the units plaee. v
» L3 4
7. In the basé seven system, what is the value of t,he'tenth
. ‘ R

place from the right?

‘,

. *8,/'What numeral in the seven system represents the number named

by six dozen? . - Y )
i . 9
Which number is larger,, L-‘seseven or - 32“seven . , ¢ .
~» S :
l’
10. Which number is greater, esose‘ven or 205ten' ) o

11. Which is shaller, 2125, - or 75h, .7

2.« BRAINBUSTER. On planet X-101 thd pages in book’ are
numbered in order. as follows: l, /., , 0,8, &,
L e la,{g |@,[-‘[|‘,andsorortn'wnat
. seems to be the base of the numeration system ‘these' people
use? y? How would the next number after | be written?
~ . Which symbol corresponds to our Zero'7 _Write numerals for
' ‘numbers from O-to 8 A .

-

1-bs _’Comp_utation in Base Seven. ° |

Computation in base seven 1is undertaken to clardfy compu-
tation in decimal notation.- The stress here should be on the
1deas 1nvolved and not on/computational proficienoy

’
-, .

o



' . .
b . N

Addition v . -
—_—— . V. . . ‘

In the decimal, or bade ten, gystem there are 100 “"basic"
addition combinations, By this }ime y&h know all. of them. The
combinations can be arranged id a convenient table —~Part of the

table is given below. , : . .

. _ Addition, Base Ten . - !

= ok
Coe { ¥ forfrfefslefs|6}7(8]9
_ . J o o HE : ‘
2' ' R R E l ) -
1 . -
T T, -
4 . 2 _____‘.5 w‘ . &
3 |3 |4 (5|6 L~
A} ' — T - ¢
UL 718 . ) . /
\ ) N
v 5 15 7 |8 ]9 {10f12 4
6 | - ) ‘
.’ + .
7 A )
g ° -
<! L9 J ' 7 ' *

-~

The nupgbers repreSented in the norizontal row above the Lihe
. 'at the top of the table are added to the numbérs in the vertical
. row under the “+" sign at the lefM. The sum of each’ ﬁZir of
numbers 1is written in the table. The sum 2 + 3 is 5, 4
out by the: arrows. . O

v . o

Exercises l-4a <

", 1. Find the sums ) .
‘ é. 6 +5 -+ B, 9+ 8,

page 9 '(you will' ‘use 1t later)

- »

Q 7 '[Egc, I—Jﬂ\

s pointed -

b




: ‘ S . ¥y .
3. Draw a. diagonal line from the uppet left corner tq/fﬁe lower *

. right corner of the chaPt as shown at the right.,
- - . . , Iy

a. Is 3 + 4 the same as 4+ 32 ,
b. How could the answer to part a)
, . be determinéd from the cHar
et What ‘do yod‘nbtice.about the |
two parts of the chart?.
dy What does thiis tell you abdut the numﬁer of
%

ifferent -»
- combinations which must be mastered Be syre you can

written in base seven notat on Four sums Tie supplied to
&, .

hel . ) - . .
ep you. +| 0 |f g\§°4“ 5)6 .

| SERVIENEY/EN

. -“ ;‘Ax - - o

. ) . 13%~\<;/ . (f/- -

v -
2| s/t J !
'3;% / : 7his
) /f AV I
. R - -
, 4 . . | 3
- A » " ~ " / i/
- § A
5/« -

RO riNBENEE
5. a. ‘How mdny aifégggnt number ¢ mbinations are ‘there in the’
bgse seven able? Why? .
b. Whicf would be easier, to/learn the hecessdry multi-
| plication ombinations 1 base seven or in -base ten°
“ Why? ' Co ‘ )
c. Pind 4ten +'5¢qp and 48 ven * Ssexen from the. tables.
Are the résults equal; fhat 13“ do they represent the

- same’ number? o

2

P - . .

* : X ‘ "‘“—5{—« ‘ -»/
'The answer to problem 5¢ fp an 1llustration of the.fact that
A number is an idea independent of the numerals used t1'wr1te 1ts
name. Actually,.gt en and 12s ven &re two different names for the '
same pumber. '

- ~ &

‘ .. . ]' (4' ‘f ‘: 2 ) ‘/
@ [sec. 1-4] . ~ 7




. how we add in ‘base ten. What are the steps.in your thinking when
¥ “you add numbers like twenty five and éorty—eight in the
notation° C

25 = 2 tens + %5 ones = 25 . N
H ",
‘) 48 = 4 tens + 8 ones = Ly 148 \
» - - . - v — '
. . ® tens' + 13 ones "= 7 tens .+ .3 ones .=.73
- . ) o 4 ,
Try adding ip vhse seven: }kseven + 353even . - i
. 1 seven + U qhes ' (Ybu may look up the sums 5 + 4 and
3 ‘sevens '+ "5 $ries 3 + 1 in the base geven ,acﬁ;tion table.)
4+ sevens + 12 ones =. 5 sevens + 2 ones = #52§even'

Y] .

How are the two examples alike” How are they dffferent?. When 1is
it necessary to cgrry {or Pegroup) in the ten system° When 1s
it necessal‘rto "ecarry" (or regroup) 1n the seven s?stem”

Try your -skill’in addition on the sollowfng proflems. Use
the addition table for the basic sums. "

.
- J
.

VAR . 65¢ 32 251t 435 52k

sevén seven seven seven seven seven

13seven llseven -255even ~ 105seven' 62 5aeven 56ueaeven
‘ The answers in ‘order are—bsseven 106seVen"6Qseveni,3625even’ ‘
13635 yens 2Nd. 192l ooy ) '

Subtraction ‘ - - ’ . -

.

How ‘did’y.x learn to gubtra:ct 1’base_ten? You probably
used subtraction combinations such as'1l4 --5 until you were -
thoroughly familiar with them; You know the answer to this
problem bu%'supposé, for thé .moment, that you did not. Could you
get the answer from the addition 'table? You really want to ask'
‘the followifig question: "What 18 the number which, when added to
5, yie&di/fi?“ Since the seventh'row of the base ten addition

Co.. Co- ‘ | sec. —Z | ) ! .
e e e dd |

‘seven. The'valgé‘in making the table lies in the help it, ves ¢
_you in understanding operations with numbeps., - o

Actually, little more is neéded to enaple us to add large R
numbers. In order'to see what else is needed, let us cornsider T




table gives tﬂi results /of adding various numbérs to 5,-we

L. should look'fo 14 fhat row. Where do you ‘find the answer to

. 14 - 52 Dpid yéu swgr "the last column”? Use the pase ten
additiod tavle i £14d '

< 9l 8-5, 12 - 7, 17 - 9.

The idea dis'ussed above 1s used in.every subtraction
problem. . One otlier idea 18 needed 1n many problems, the 1dea of
. ' "borrowing" o "fegrouping." This last idea is 1llustrated below

’

for base ten t7 find 76§* 283: - y .
4 ' . Lt
7 ﬂﬁhdreds + 6 tens + 1° one, = 6 hundreds +, 15 tens + 11 ones = 761
* 2 hundreds 44§ tens + 3/0nes = 2 hundreds + 8stens + 3 ones = 283
s Y N *
.o 2 "~ 4 hundreds' + 7 tens + 8 ones = 478
) . Now let'us try Subtraction in base seven. How would you find
'6seven - eseven Find 13Seven - sseven . How dld you use the

addition table for base seven? Find answers to the following
subtraction eXamples:

' ,»ﬁg;~ . . 4
- - . - < \" R . 4 % * .
lﬁseven 125even Hseven . 1'seven 135even
: " i
.6 4o 6 5 4
__+ ._seven __Seven __seven _“seven __Sseven
] The ahswers to these problems are 6seVen SSeven’.aseven’
6 , and 6 e:’ N .

—— sevep . seven .
Let us wonk a harder subtraction problem in base sevgn 7
comparing the, procedure with that used above. ' &

. ’
~433even sevens +3 ones ‘ 3 sevens + 13 dnes 3seven ‘

'163eved . _/l seven . + 6 ones = 1 seven + 6‘ones = leseven
pp——— . ——

PR

. . , 2 sevens + 4 ones = 2
y , L [ Y . v/ .- .
- Be sure to note that "13 ones” above 18 in the seven
" system and is "one seven,‘three‘ones " If you wish to find the
number you add to 6Sev n to get l3seven’ how can Jou use the
table tq help you? Some of you may think of the number ythout

8even

.
o

[
' raferring‘to the tabie.

- 4
ot . ’




¢ ‘ Practice on these subtraction examples: ' -

— . N

. ’ 56geven . 61seveq Meven - &szseéeﬁ 503§eyen
» — - - i
iiseven 35seven Efseven 263seven lj‘loseven C
-
— Z e ’
' The answers are 42 seven’ Sseven’ .~.58eyen, 1563.3‘"_2n and 333 cven . s
’ i ) ‘ [ . \ .
ot | ‘ <Exercises 1-4b 5
1. Each of the following examples is written in base seven.
. Add. Check by‘changing the numerals to decimal notation .
"and adding 1n base teﬁ'as in’ the example' . . .
Base Seven = N Base Ten &
e ’ "y . . - Al
S 16 . . '
. : seven = ' 3 - .
M eeven C B ’ ;
\. . ) :seven - =" ‘ 17 * * e
L ' o 30
,gséven . =3
.“' , " ] o . ) [
_ Does 2seven = 30Z ! . . :
/‘ . N N ' 1 -
a. -zsseven b. 56seven . F' 21j‘tSeven
) 3lseven 2l geven — 53éeven . )
- X — , - —— . » - JQ‘
) * d. '16Oseven + 4308 yen €. J‘lssevgm * l'63sever1-" .
R . . R ) .
£ uoase‘{en * 5635even - " 4 5seven 8055even” . )
‘ L0 h. 62 5sevén * 53Iuseven.'1' 620us_even'+ 23useve‘r} ] “HWW
i . ' < N
/ . J. 645 + 666 k. 5&06 seven T 62u55even' .

Seve.n seven.
2. Use the base seven additiopn table to find:

. -k - C b
a 6seven seven — b llseven . sevgn

‘\ . : hd

H v ¢ ' A wr k .
e. 12 - o . ’
. seven ~ seven NN . -

o
~o
-

7/

* . . .' . . . ) 1, o ‘ . ' r

¢ [ - . -




- 3.

Each qf the folloWing examples is written in base seven.

: Subtract. Check by changing to decimal numerals - Lo
* . .
) a. lo'seven ‘. 65'§even --‘cj 2qoseven-'fd' .16oseven
5 C 26, b : 6
——seven __sevVen . seven seven -
e. L4 - 35 ’ . ] ~~'¥
seven seveny 'f. 6ulseven - l32$even- ] | .
_ 5 o ) ' 426 ’
. & 2025even - seven h. . 50005eyen = *201geyen
B X 634seven p 5gseven 3 13L_;seven - 65seven s .
_F’ ‘3hslseven - 216useven L. 253seven - 166seven .- T
AT - . ¢ - , -
4. show by grouping x's that: :
e .
,~ _ - = w®
. . a. U twos = llseven ‘,c. 3 flst Ngeven .
' b. 6 threes =‘euseven d. 5'slxe5‘ 42 ven
Multiplication - = = N
fuiripaication . “ )
“'In oprder o’ multiply, we may use a table of basic ract& .
Complete the following table 1n decimal numérals dand be sure you g
. know ang can recall 1nstantly ther product of any two numbers from
zero to nine. v
SV Multiplication, Base Ten
. ' x{oji1]|2aj3|a}s|el7]|8]e .
o - olofo
. 1ol : '

ool dlwu]|N




- . -

. )
. Exercises ]l-Ug,

1. 'Refer to the.preceding.tablé. T . - e
Ca. Explain, the »ow of zeros and the columh of zeros.
b+ Which row in the/tablé is exactly like the row at the --,

- top? Why‘7 ’

;\

4 i 3 - B

2. Imagine a- diagonal line drawn from the x sign in-the table .
' to the lower right corner What can you say,about the two
triaggular parts of th@ table on each side of the’ line?

3. Compiete the multiplication table below for bage seven.__”“‘;

. * . ’
Suggestion: To find useven X %seven

v x{s three times and regroup to show the base seven numeral.

you could write four

Be‘ter still, you might think of this as 3seven +_35eveﬁ—‘
- 3 + 3 ., C . ot e T
seven seven . .
) . Multiplioation, Base Seven
; - xjolt|2]|3|a|5]|6 . . .
' o ) S ) . l ' ’o -~ V7
’ b 4
I -
» ” - v
2t i3 N S P
- ’I ) 43. $ . : .
v 4 t s .
. N 5 7 o .
/";4 L ., 6| . 51 % ~

¢ .

You ﬁhow gbout darrying (or regrouping) in addition, and you
have had experience 1in multiplication in base ten. Use the base
seven ﬁEltiplication table to find the fgllowing products. v

Sgseven,' 31*'seven ?2lsevén 621, Sbven l*seven —
. PR . . ~ '
. x__sevep‘ X _EséVen . X usevgn X 2sgven X 35seven
‘ ‘ 7 e = ' . |
’The answeri'are 216seven’ 3O3seven’ 2311*seven" 154 2seven’ 31 O6§éven.
. Check the multiplication shown .ué en
at the right and then gnswer the X '32:;%% .o
fdllowing questiohs How do you get 155 :
the entry 123 on the th;rd line? ng 201
dq you get the entry 201 on the, fourth Elsgseben‘

line?" Why is t 1 on line 4 placed under the 2 onfiine 3? Why
48 the O on line' ¥ placed under the 1 on line 37

.EC

[sec. l-.l*] 2] . "

v

If you qo.not know‘



" why the entrigs on lines 3 and I are added to get the ‘answer,
© you will study this more thoroughly later.

N ’ €

Division . . ~ .

.- . - - . K% .

‘4

Division 1s left- as an'exercisé for you. You may'fine,fhit

1t is hot easy. Wbrkingfinkpase seven should help de.understand .

why some boys and girls have trouble with division in base ten.

Here are'two‘exampaes you may wish to examine. All the numerals

wlthin the examples are written in base seven: How can you use
. the multiplication table here?- g vl

_° Division in Base Seven ' v

C b MMaven - . - 2015 aven "
; 6seven’3gsasevén . uéseven’§§5f§§seven .
.85 . ' ?12 L
- be - . b6 . Ty
» —3-3 ) “ gu S:X
X . . %3 W
. ' , . X . o - .
. . b -
N .
. '~ Exercises 1-4d . ‘f;

1. Multiply the following numbers in base seven numerals
check your results in base ten.

s - : v v :
- e 1b"seven x 3seven . Bgeven % 2geven
X - e 63;;;én X 12seven j . - Sgeven % us;seve
, ¢ “56geven X “3seven RE 6Sus,gven x 453
B ;ouéseven ijeuseveq" § b 56usseve:n x 65 severr\,
. 1. éso x 341 3o 26403 0 en X F5geven :

seven seven

2. TDivide. Al numerals in t{is exercise aré in /base seven. -

. *

a. 6s\aven) Zgeven P+ Sgeven

; .
e, b 2316 __ - ’ . 21,
" seven’ """ “seven é ldeven

RIC , . [sec. 1-4] /

.
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1=-5. ggégg_Jg from Base Ten to Basg Seégn.. .

. In general, it is easier to change from base seven numerals
to Base ten® numerals than the reverse. Again, the stress should - -
be on: the "ideas rather than on computational facility. .

@

- Youhhave learned how- to change a number written in base
seven qiumerals to* base ten'numerals, It 1s also easy to change

~—
from base ten to base se¢ven. TLet us see how this is done.

In base.- seven, the values of the places are: .one, sevenl,
seven2, seveha, and'so on. That,is, the place values are one and

sEge wer’ of 3e 48 i St e e ; : -

R P s P
. l‘ ! .

) . s 2 7h .

. even Zten -

A - ‘VLN *r 2

& seven® ={{7 X 7) or 49ten .

& e 1) {‘ . ) 3 v = - ;

sevens = (7 x 7 5\?)‘or 3n3ten

rF

. Suppose you wished to change 12 to base seven numerals.
'1‘1}3 time we shall think of groups of powers of geven 1nstead of §
) actually grouping marks, ’What is the largest power of seven*
L which 1s contained in 12, en? is sevenl the largest? How about
R seven2 (forty- -nine) or seven3 (three .hundred forty-three)?
We can see that only sev n! is small enough to be contained in

12ten‘
. When we divide 12 by 7 Qe have~
[] - ' ) 1 . - ~’(A "
—_ 7)12

v . c o -
- H - .
. * -

what does the 1 on top mean? What doeafphe 5 mean? They tell us
that 12 contains 1 seven with 5 units left over, or that

ten . v

< 12, = (* x seven) + (5 X one). Thus,12?:en 2 15 . ven’ .o

— o~ -

Be sure you knbw which place in a base seﬁﬁn numeral has the v
value seven2, the value seven3, the value seven-, and &0 on. —.

- How is Skt % reg?ouped for base seven nuherals? What,is the

largest -power of seven which is contained in 5uten ’

. .9 ‘
- . . : | Lo
' .




In Sht
, 1

~ = numfrals,

[ et

-~ t

4

28
%

Y

*> .

524 en = 134

_ yourself,

¢ u6’cen

e, 162ten

1738

-

ten,

wé have

SNy

We have (
Then 54

]
2 ‘~Thus 524 contains one seven® with 181 remaining, or
- - '3 . 524 (1 x seven) + 181, and there will be a "1"

. 1in .th seven place

G

Now find how m

X Seven +

. Suppose the problem is to change 524
Since 524
*many 343's there are!

? X seven +

to base geven

I3

s

en 18 larger than 343 (seven ), find how

any 49's (sevenel'therezare in the remaining

y Thus 181 contains 3 49's with 34 remaining, or

3" 4n the seven2

plaCe

- How many sevens are there in the remaining 34?

Thus 34 contains 4 seven's with 6 remaining, or

3=

in the sevens place.

+

2

10 = (1 x seven) + (3 x one)

(6 X seven) + (4 X one)

(4 x seven) +

13

64

i

, Y What will Re 1n the units place? We have:
2
52h| = (1 x sev£? ) + (3 x seven®) +

46

seven’

L]

¢

seven

seven,
3 x Sevene) + (2 x seven) + (1_x one) = 321

4 x seven) + 6, and thHere wili be a "4"

(6 x one)

seven

? X one.

X Sevena ) + (0 X sev‘n) +. ( 5 X one)

.Cover thdﬂgpqpars below until you have made” the changes “for

-

(5 x.seven3) + (0 xR seven2) + (3 x seven) + (2 x one)

= 5032



oy : 4 <

: . 19
’ e T, ' R . . c, '
— - In changing base ten ‘numerals to base“;even we first seﬂect
the largest place velue of base seven (that is, power of seven) -
contained in the number. We divide tMe' number by this power of - .
even and' £ind the quotient and remainder. The guotient is the . .
first diglit in the base seven numeral We divide the remainder *
by the next smaller power of ‘geven and this ‘quotient is the '
' gecond digit. We continue to divide remainders by each succeed- -
ing, smaller power of seven to determine all the remaining digits
in the base seven numeral. o
Exercises 1-5 -8
* ' 1. Show that: - - '
- . 8. 50ten 7'10;seven b lusten = 265seven . !
c. 10224ten = 26628even '
" 2: Change the féllowing base~ten numerals to base seven numerals:
La. 12 ‘ K a. 53 S - -
v. 36 e.. 218 .
c. Uk - £. 1320 . -

.

1-6. Numerals’ in Other»Bases ’ !

The base of the sygtem we use 1s "ten" for historicl rather
than mathematical reasons. . 7 . ' -

. . You have studied’ base seyen numerals, 80 Yyou now -know that ’

‘it 18 Possible to express numbers in systems:different from the -

. decimdl scale. Many persons think that the decimal systen\ls -
used' because the base ten 1is superior to other bases, or because'
éhe number ten has special btoperties Earlier it wasJindicated
that 'we probably use ten as & base.bécause man has ten fingers.

"It was only natural for primitive people to count by making !
comparisons with their fingersa If man had had pix or ‘eight

fingers, he might have learned to count by sixés or elghts.

Our familiar'decimal system of notation is, superior to the
“Egyptian, Babylonian, and other cause it uses the idea of place
value and na¥ a zero symbol, pdﬁ because its base 1s ten. The
Egyptian system was a tens system, but it lacked efficiency for

other reasonsg. e -

EKC o [sec._l—'6] 2,‘
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- PR A L
, Bases Five and Six ”, ‘ > 1" L
. “‘ Our decimal system uses ten symbols. In the seven system
- 3 ] you used only seven symbols, 0, 1, 2‘ 3, 4, 5, and 6. How many
* . bols would Eskimos use couﬂting in base five? How many

\

sym 18 would base six require? A little thought on the prece 1ng
questions should lead you to the correct answers, Can you; suggest

%

how many symbols are needed for base twenty?
i & ‘The x's at the right are grouped
in sets of five. How many groups of
five are there? ~How many ones are
left?

- . te

The decimal numeral for the number of x's 1in this diagram
is 16. Using the symbols 0, 1, 2, 3, eand 4, how would 16 teg
-be represented in base five numerals? An Eskimo, cpuhting in -

¢

base five, would-think: . ) . <
There are 3 groups of five gnd 1 ‘more, ‘ ‘
16

P

= 16

ten (3 x five) + (1 x one), .

ten f 3lpive: .7

' [ 4 |
© In the drawing at the Fight ‘sixteen i \
~ x's .are grouped by sixes. Hqw many groups X X XX

W

of slx are there? Are there any x's left?
How would you write 16ten in base six
numerals?

There are 2 groups of six and % more,

16ten
\\j — > oo h ' ) *
- ] ¢ . 1,6ten 2)48'1}(’ - L . .

.

= (2 x six) + (4 x one),

- Write sixteéen x:;T‘\Enclose them 1n-g§oups of'four’x's. Can
you wﬁite the_numeral 16ten in base four numerals? How ﬁany
groups of four are there? Remember, you cannot use the . symbol
"4" in base four. A table of the powers of four in dectmal

4

numerals 1s shown on the.following page, . : ¢

\

.

et

\ [sec. 1-6] 2




. \ ’ \ ! ., .
(four3) . (fourg) " (fo l,) (one)
(4.* bxd) ~ (4 x4) | (i . ~. (1) -
6y (16) @) - () -
To write sixteen x's in base fouz’ we ne¥q ) .
» (1 group of four?) £ (0 groups of four) +- (O ones) That 18,
2. - Wen =100pqupe : T .' . ’ ‘ o "

- \

-

. N
, Exerqises 1-6

- »

¢

1. Draw sixteen x's. GrOup the x's 1n sets- of three.

- © a. Therelare ¥ group\of three and . le;it over.
°* b. Are your ‘answers to Part (a) both digits the base

”~

. three system? Why not? -

-¢. In sixteen x's there are ( groups of three2) +
i . ( __. _ groups of three} + ( left over). - v
i o d. “~16_ten‘; ——three’ p . <.
4 2. Draw groups of x's to- show the numpe'x_js represented by the
' following numerals. Then write the decimal numerals for .
these numbers. . et »
. P B - . . . X
. Y8 23fou‘r . . 1554 lO2thr'ee ©de "2lpyger

>

3. Write in base five notation the numbers from one through
thirty. Start a table as shown below: . .

- ST
Base, ten 0. 172 3. 4 5 6
' Base fiye O 1 ?ﬁ(’?‘?’ L

4y, a.. ‘How many threes are there én 2Oth.ree? , v
) b. How many foursare there in 20p,..7 . -
. ¢. How many fivés are there in 2004 ve? .
! .d. How many sixes are I:here in 20 , 7 . )
Lt e T « TN .
, 5% Write the following"in expanded notations Then write’ the
‘ ' base ten numeral for' 8ach as shown in the example. ..
C Example: = (L. x 25) + (O X 5)“. 2 x 1)1\
- five i o .
- a. 22‘581)( . c.‘~ 1002thr'ee ~ ) ¢
., H12 " ‘4. 1021, '}’

five -

four 4. i Y

{‘seé._ 1-6] 2:{
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46.' Write the following decimal nymerals in bases sifofive;
,four,‘and three. Remember the values of the powers for
each of these bases. Note the example:

f = ’ = = = ‘
Tten lsix 12p1ve - Btour 2lehree " NG
[, . [N - . R )
“ & llen o P Dgen o
c. 28, . 4 . d. 361_‘(_:‘n

.

1-7. The Binary System.

LY

N [_J
The use of’ binary notation in high speeo computers"is, of
dourse, ‘well known. The binary: system 18 wsed for computers
since there -are only two digits, .and an electric mechanism is
either "on" or "off." The base two has the disadvantage that,
while only two differerit digits are used, many more places are
needed to express numbers in binary notation than in decimal, e g ’

2000t = 1»,111,010, OOO . -

-

» ',[’here is another base of speclal interest The base two, or
bina‘ry, system 1s used by some modern, high speed computing
machines. " These computers, somgtimes incorrectly called -

[}

"electronic brains,"” use the base two as we use base ten.

Historians tell of primitive .people. Who used the bm‘E"
system. Some" Australian tribes stdll count by pairs, one, two,
, #Awo. and one, two twos, two twas and one,"

]

and so on.

the three x's at'the right. How many groups of two R
are shown? How rany single x's are left? Three, x's mea.ns 1+ ,, )
group of tyq and }*one. ; In ‘binary notation the nhmer;al 3 ten 14
WI‘itten~ lltwo‘ ‘ ) .

B . N
bipary system groups by pairs as 1s done with - @ x

\‘
Counting in the binary system starts as follows:

Decimal numerals | 1 |.2 | 3 T - S 7.18 9| 10

I

Binary numerals 1 10 11,7100 J101 110. {111 {2 2 | -2

b d

. - =
Hm symbols are needed for base‘ two numerals? Notice that
, the numeral Oltwo represents the number of ~fingers on one hand.

What does‘lll, . fean? i .

111 -(lxtwo)+(lxtwol)+(1><one)=4+2+1s=7ten

two

'MC -" 'I' ‘ - {sec. 1- 7] . « ((:" R v
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How would you write 8te in binary notation° Howfwou%g you write

I

10t n in binary notation° Compare this numeral with 101 wo"
" Modern high speed computers ar‘e electrically operated A
simple eXectric switch has only two positions, open {on) or
J closed Joff). Computers operate on this principle. "Because
there are only two positions'for each place, the computers use

A )

the blnary system of. notation

. We will use the drawing at the . A /"
* right to represent a computer. The. -
four circles represent four lights on Q O O O
' a panel, and each light represerfts - %"
one place in the bilnary system. When Figure 1-7a .'/
Fthe current is flowing the light 1is 7 - .
. on, shown in Figure 1-7b’as O . ’ Q O @ O
’ A is represented by the symbol . . .
"1"  When the current does not ~ Figy\tre 1-7b
flow, the light is off, shown by
in Figure 1-7p. This is represented by the symbol "O“ The
. panel in Figure 1-7Db represents the binary numeral 101(3,’;wo What
decimal Ahumeral is represented by\ this numeral? The table at the
right shows tife twou ' two3 twoe' “twol one
place values.for
the first flve 3 22?x2x2 2xex2 . | - 2x2 .2 .1
_ places in base t;:o 116, . 8. 4 2, 1 |
numerals. ’ . . ‘ ) ‘ ) )
lblotw<;§= (1 x ti‘qo3) + ~('O X twoe) “ (1 x {;vol) + (0 % one)*
’ = (1 x8)+ (0x4)+(1x2)+{0%1)
- L. floten'v. Lo .
P ) ' L S
=~ Exercises 1-7 . T T
- . v

1. Make a 'eounting chart( in base two for the numbers from zero
to thirty-three. ™__ J ’ -7

.| Base Ten" |.1 | 2 L T
Base Twg | 1 |10 |11 S

1|||,



Copy- and complete pr addition
chart for bagf two shown at the "

right.
" are there?

How mgny additlon facts

Addition, Base Two

+ o] 1]
5 .
1

Us!ng the same fdrm as 1n Exercise 2, make a multiplication

chart for base two.

How many multiplication facts are there?

How do the tables compare? Does this make working.uith the
binary system difficult or easy? Explain your answer. .

Write the foilowing binarx numerals 1n expanded notation and

then 1in base ten- notation. S

A}
a. 111two ’ ; . ¢C. 10¥?ltwo .
b. 1000 d 1100Q

. . /

two ' '/f/////two
' . 101 -
e 0100, -

Add these numbers which are eXpressed in binary notation.
Check by expressing the numerals in the exercises, and in __
your answdrs,.in decimal notation and adding the usual way.

o a.. 101two . b.

WOrper - 1014000

— w—
v

Llotwo " c.

Subtract these base two numbers.

. ' did in Exercise 5. * -
a. 111two b. llotﬁ° "C.
ldﬁ't.wo lxtﬁo

1011

IOI;Otwo

1_1010two

d. 10111two

iy,

Check yodf answers as you

- ’

d. llOOitwo ’

10010,

two
lootwo

whén people .operate certain kinds of high speed computing
machines, 1t 1s° necessary to exprgss numbers in the binary

system.
notatlon: —
a. '35 b. 128 - c:
. PR
£ . *

Change the following decimal numerals to base two

>

2. . 0 d, 100

L

1

[
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% ' Chapter 2 - . .
WHOLE NUMEERS

o

#

i

2-1. Counting Numbers.

.A seventh grade arithmetic course customarily“begins by
reviewing the arifhmetfc studiéd in earlier grades. Prequently’
the review corfsists mostly of ‘drill prpblema. The present .o

hapter 1llustrates a Hay ‘in which arithmetic can be reviewed in
such a way as to bring out some of the basic, unifying 1deas of .
arithmetic without sacrificing- practice on arithmetic skills. .

The counting numbers!ue the numbers used to answer the
+ question "How many?" Primitive man developed the_ 1idea of humber
by the practice of matching objects, .or things, in one get with
objects, in andther set. When a man's sheep left the fold in the
. moining he could put a -stone in a pile ag each sheep went out.
r ﬂi took a stoﬂg out®of the
pile as a sheep went 1lnto the pen. If there were no/stones left
,}in the pile when the last sheeb was in theé pen he kﬁew .that all
the sheep had returned. Similarly, in order to keép count of the ’
.number of wlld animals he had'killed he- could make notches 1n a
~8tick--one notch for each animal. If he were asked how many
= animals he ,had killed he could point fo the notches in Xhe gtick.
) ,The man was saying that there were Just as many animads killed-'as -
' there were nofiches in the stick. The man was trying to answer the
question "How many?" by making a one- to -one correspondence
" between the animals and the notches in the stick. He was also
trying to answer»the question "How many?" by making,a one-to-one
correspondence betWeen the stones\uf thﬁ,pile and the .8heep of the
flock. The one- -to-one correspondence means that exactly one

When the sheep returned in the evening

_stone corresponded to each sheep and exaetly ‘one sheep corre-ﬁ////
sponded to each sfone. This says that the number of sheep wa
the same as the number of stones. “

. Some of us have learned the meaning of number in counting by
using such one-to-one correspondences. We look at various sets
of objects as in the figure. We see . .
that there is a certain proptrty that — x— ~e

‘ _ [———
these sets poss#s. This property LN o —¢

(&
\
-
- -
I-],
.

.
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. may be described by saying that there are "Just as many" marks
- in one set as in the other, 'A-one-to- ~one correspondence'between
"the sets can- be shown by Joining +the markseiith strings, or lines.

-’
Each mark 1s Jjoined to a mark of the other set. Nalﬁarks are
left over in either set,and no mark 1is used_twice.L Qhe corre- -
spondence shows that, there are "Just as ‘many" marks in one set
as in the _other but it does not-tell us "how many" there are in
terms “of a number . . o
, Fortunately we have a standard set which #e‘qan use to tell
us "how many" there-are in each set. It also can be used to tell
us that there,are "just as many" in one set as in the' other.
- This standard set 1is the set of counting numbers represented by - R
“the numerals ): 2, 3, &, 5,.(. . In ,» - !
the figure each.set of marks is put xx\ﬁf\\' : 7_;‘;'4p° T
in a oné-to-one correspopdence with - \\\\::i;::>(j;/jj;/1
the set of numerals 1, 2, 3 The : X L !
number of marks is the same.as the P 3 . '

— number represented by the last numeral of the matching sef.. This
kind ‘of one-to-one correspondence between the marks and the set
)fna*\ of numerals tells us that there are "Just as many" in one set as ]
-q 1n the other, and also tells us "HRow many" marks are in each set. ‘

— , ,
" The method of ‘using the counting numbers 1s such a hatural /
‘one that the coupting numbers are also cglled the "ndturals °

numbers." In this téxt we call them counting numbérs.//gou'may

' see them called “natural numbers" in other books. ’ .

K Let us agree that our first counting number*is 1, If &e,\‘ ) 3
‘wist®to talk about all the counting numbers and zero we call
‘this set of numbers the "whole numbers." ) : =

-

>

2-2. ‘Commutative Properties for Whole Numbers. \

: The commutative, associatiVe, ‘and distributive properties
+ fare basic concepts not only in - arithmetic but also in algebra.
They are not new to students. In fact, students ‘have. used them
for a long time, but they probably {rave f%)t had names for them
- and have not r\cognized when they were uging them. It ghould be
emphasized that these propeﬁ%ies refer 'to operatdon on numbers, )
| pot to numbers themselves, and do not .depend on the numeratipn
syq‘Fm that 18 used., ’ !

-
) > ”

[KC ‘ " fsec. 2-2] Ji1 _
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. If you have three apples in a basket and’put in two more,

then the number of apples in the b%sket is obtained by adding

2 to 3. You think of 3 + 2. 1If you started with two apples in

the basket, "and put in three more, then the number of apples in

the basket is obtained by adding 3 to 2. -You think of 24+ 3. 1In —
) either case it is clear.that- there will be 5 apples in'the basket.

We may write 2 +3 =3 + 2. . N T - .

v " The arithmetic teacher read twd large nuﬁbers to be added.

. One boy. didq“pt understand what.his teacher said when she read o
a the first.numbgr. He wrote the second number and then: asked her
~.§'t6 repeat the first number. When she read it agairi, he wrote it

%below the second number instead of above it. If all the students

- do* the addition correctly, will-“the boy find the jame sum as the
students who ‘heard all the dictation the first tI§ i

4

Ry

e boy wrote: 2437 The othliys wrote ‘6294
: 6254 2437 L_
/7 We call tﬁis idea which was Just described the commutative

property of addition for whole numbers. It means that the order — ™
in which we add two numbers-dges hot affect the sum.’-The wof&b’
Eropertx 'is used here in the usual meaning of the word--it is
something that belongs to the operfation of additiom? ’

3 added to' 4 1s Tor & +3 =7,
4 Added to 3 is 7 or 3.+ i 7.

. Thus, we can,write 4 + 3 = 3 + 4. This gnecks the

- commutative property of addition for these two e numbers.

[N

The commutative property of adgrtion for whole numbers may

be stated as: \ - e T —
Property 1. If a and b represent whole ‘riumbers then

:s ,’ ‘.‘. a+b=Db + a. . '/

In*the above example a 1s 4 and beis 3. -

Multiplication is another operagion whlch we perform on
numbers, Is there a commutative property of multiplication?
1
Let, us see how to find the answer to the‘question. . '

-

" Suppose we have five rows of chairs witn 3 chairs in each
row. Then, suppose we decide to change the arrangement to make
| - & ‘

Q o [Bec. 2-2

I,
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three rows with 5 chairs ih each row. Wiil we need more,ehairs?
Will we h*any chair‘s which are not used in the second arrange-

'rment° ) ) ' : o
5 **; - » TT 22
R : > o . HEEEE ,
i I *EE . ' 2T
, 22" ‘ ) ‘ .
¥ , . . 3 rows of 5 each: 3 x 5 =15
-~ N s *
R ‘) 5 rows of 3 each: 5x 3 = 15° . . ¢
~ * & - ’In learning the multiplication tables you learned that

7% 5~ 35and that 5 x 7 = 35. »Siptlarly 9 x 8 = 72 and \\\
8 x9 = 72. When the two numbers-are the same, the products are .
the same, regardless of which number is written first. v

Thése examples indicate that there 1s a commutative propert.
of multiplication. This commutative pyoperty gg’multiplication
- for whole numbers states that the product of two whole numbers 1s
the saﬁé whether the first be multiplied by the second or the
. second be multiplpte 5y the first. We state this as: . A

Property 2.J If .a and b represent whole numbers, then

e W aX¥b=0>bxa.

- »

. We can~hse tais property to detect mistakes which we might .
make in multiplying one number by ancther. We found-these_’

products: ) ' . -
N 436 ‘ 11422 - . -
, 12 ‘L3 . ’
: ‘ 218% L T30,
872 365 e .
. 436 . . ’ -600 )
- " 55500 %3380 . \\/

. In this compufation the commutatide propeﬂ%y shows that we have

,, made at least one mistake. Find all the mistakes S

In both Property 1} and Property 2 we used letters to
represent numbers., This 1dea of using letters to stand for any - ,
number. whatsoever in stating genera} principles 1s a very useful
part of mathematical language. etimes the letter x and the
multiplication sign may be mistaken for each other, S0 we .often - .
use ‘a r4aIsed dot, - , to indicate multiplication. For example

" we can write 4 - 3 for 4 x 3anda ' b forra x b, =




N N S ‘ i ) / .29 »‘;
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/"« Many symbols are used to simpiify the writing of mat@ematics.
. Any symbol can be introduced and used if we first degide what—the
& v, .
.+ symbol "is° to mean and always use it to have that meaning. The use

-

of the raised dot is a good example.

' In mathematics wb often say that one number is'greater\than
another. To simplify writing the phrase. "is greater than" wé‘use
the symbol > . So, to write "5 is greater than 3" we merely
write 5 >N. To indicate that "a is greater than b" we write
a > b.. Similarly, we,use tne symbol < " to mean "isless tﬂ;n;"
Hence, we write ! < 7 for "4 is less than 7." Notjce that éach
of these new symbols points toward the smaller of the two numbers -
being compared. “ .

.

Sometimes we merely wiéh;to note that two numbers are not

equal. The symbol ¥"1s used. for "is not eqﬁal to." For ~ |
examples, 5 # 3 and 4 # 0. T . e
' . , Ce .
. In comparing threge numbers such as 3, 6, and 11, we may

#rite 3 <6< 1l or 11 > 6> 3. Note that the statement
3 ¢ 6 ¢ 11 really stands for the two statements "3 is less than 6"

and "6 1s less than 11." . .

-
.

§

At

; Exercises 2-2a , .

' o ' St -
1. Indicate whether eacn statement¥ls true or false:

4

Tﬁ .a. 6+ U4 =154+6 N * i ’ \
" b. 13four M 32four < 32}5ur,+ 13four - . - P '
. . ¢c. 6<CT<1ls © 1. 315 + 462 = 462 + 315
4. 1+5=5+1 ' J. 5>3>104 ¢ )
e. 6+5=5"+7 k. .8+2=2+38
.6 +3=0L4+5 ~f. 851 + 367 = 158 + 763
) g. “5+36<¢36-L45  m. If16>7and7 >5 then
. h. -5+ %>5+3 - 16 > 5. ) o
. 2. Add. Then use the commutative ﬁ;operty to‘check addition.
’ d.. h65 b. 37461° . 73967 d.. 43 ey
o 179 73135 81785 - goven
) C ’ “Cseven ..
)" . - -
Q ¢ [sec. 2-2]
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3. Using the symbols =, <, and > , make the following true.

aw T+ U4 2h 47 f. (3’-2)‘+5‘?5+(3:"2),-‘,"
b, 125?25 .11 g 8-329-3° .
_e. 23 -127? 12 . 32 h. 86 . 1352 135 . 86
~d. 326 - ‘ 1. 24+ 3 23 + 24 ' :
“e. 162 9.2 3 J;; Given that a, b, and c-are
- _ whole numbers: If a > Db -
- . 7 - gndb)c,'thena?c.‘ .
4, Multiply. Then use the commutative property to check the <
" multiplication. )
a. gg b. igg | c.()ggg df Z;seven . -
. . ' . S-seyen-

~

5. ' Glve thé whole numir oﬁ whole numbers which may "be uSed in

place-of a to make the statements true. - .o
a. 3+a=3+45 N | e.e 132 +a = 46+ 132 ‘ '
b..5-7=7-a o f. 2+ a<2+7 .
c. 2 a<2-1 g. 7-3>a:5 b,
d. 3 . a‘< 3 .2 h. a+3=3%2a R

— . o

N N -

The commutative properties of addition and multiplication
have been stated in symbolic form:

a,gibv= b +a and a-+*b=b"-a. .
Notice how similaraghe statements are.

Do you phink subtraction has the.commutative property? To
find out we must ask whether a - b is equal to"d - a for all
whole numbe;§ a and Db. If we can find at least one pair of
-whole numbers fof which it is not trﬁe, then subtraction cgﬁnot
have the commutative préperty. Is 6 - 9 equal to 9 - 6? No.

In fact, (9 - 6) 18’3 and there.is no whole number which 1is ;a
(6-9). - : "’

' lsec.’2-2] 3@
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Exercises 2:2b ° ,:1 \ '

1. Intercnange the numbers in each of the following In which
Qnes ig the result unchanged° - )

* i “t‘:‘ a. 1 + 2 . N d. )4 - 5 - ‘o g.' 5 _ 4' . .
| vy . b 64+8 . e, 1@#%3 ., " hn 3+12 ' h
E i c. T°% 9 £.og+b - 1. 4 +9 -
: v

2. Does division of whole numbers have ‘the commutative property’
Give an example~Mhichﬁillustrates,your answer.,

- 3. Whicp of the following acklvities .are commutative?

. To put on a hat and then a coat.
To put on Bocks "and then shoes

a
b >
¢c. ‘To pour red. paint into blue paint.

4. Ebrc&osérthe hatch and dive the submarine
e To put on your le¥t snoe and then the right shoe.

e
e L, we shall inveht the operation "M" which shall mean to choose -

N .~ the larger of two numbers. If tha numbers are the same we
c shall choose that one number, Is the operation commutative?
- a .
Example: -3 M 4 = o E . . -
—-"’“// 5 Which of the defined operations below are commutative°

. a. '"D" means to find the sum of the first and twice the .
-, second. Example? 3 D 5 =-3.+4 (2.- 5) or 13.
b. "Z" means to find the sum of the: first and the producq

of ‘the first and. the second : \
Example: 4 2 7 =14 + (& - 7) or. 32.
c. "F" means to find the product. of the first and ofile more

than tne second. Example 8F0=8-1or 8.
. T dy ¥'Q" means to find three times the sum of the first and
_the second. Example: B8 Q 5 = 3'-c(8 4;5),9& 39.

»

6. List some activities which are commutative ajrd some . which

4 \

are not commutative. - R

. N -
L ) g

. rs . - . -
2-3. The Assoclative Properiy. £ )

what 1is meant by 1 %24 3% Do we meén (1 +2) %3 in which
we add 1 and > ahd then add 3 to the sum®? Or do we mean . .

1+ (2+ 3) in which we add 2 and 3 and then add ‘their sum to 17 -
- . ) ‘ -




¥ .. y
- . !

Or, does 1t make any difference? we have seen that the order in
which two numbers atre adaed does not affect the sum {commutative
property of addition). ‘Now we see that the way we group three
numbers to add them does not affect the sum. FoO example,
(L+2)+3=3+3=6
« and 1+ (2+#3)=1+5=6.

We--call this idea of grouping the numoers*differently‘ﬂitgout

I
I

v

changing the sum the aSsociative property of addition for whole =

.numbers. This property may be used to make addition easier if
the sum of one pair’ of tnree numbers is easier to [find than tne
sum of another pair. If you are asked to add .12 + & +%2 you

AKY

might.first add 12 and - and then add 2 to 16. Or you mignt think

of first adding 4 and 2 and then adding 6 to 12. - If we add each
of the following by grouping the numbers differently we will be
' showing applications of - the assoclative property <

7 + 9 + 11 7 + (9 +11) 7 + 20 = 27
12 + 7+ 33 ¥? -+ (7 + 33) = 12 + 40 = 52 -

97 + 53 + 100 = (97 + 53} + 100 = 150 + 100 = 250, ,

The associative property can be used in findiné the sum of 12 and
7." Perhaps you have always used it but did not call it by name.
Notice how it can be used: ‘ ; - :

- 712 +7=(20+2)+7=10+(2+7) = 19,
A
"+ Just as we stated the commutative property of addition, we

now State the associative property of addition.
Ean A »- .
Propertng. 1f a, b and c¢ represent any whole numbers

. (a+b)+c=2a+(b+c).

What is meant by 2 - 5 .- 4? Do we mean $2 - 5) . .4 in which -

we first multiply 2 by 5 and then multiply 10 by 4, or do we mean

(5. W) in\which we first multiply 5 by 4 and then multiply
2 by 20? Both give the same answer and we conclude that we can
give either meaning to 2 * 5 * I, This is true for any whole
numbers. . - - ‘

I
§

Progertx 4, If a, b, and ¢ represent any whole numbers,

-:5’ /( ),cza’.ﬂ(t‘i-c).

4
Iy

Q“‘ L (sec. 2- 3] 3R e
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This is the symbolic sthtement of the assogiative property of ,/ PN
multiplicatidn for whole numbers. - <y ‘

In everyday 1ife we speak of "adding" or comuining several
things. Whether such combinations nave- the assoclative property
v depends‘on he tninés we combine. Is (gasoline + fire) + water
the same ast;ahpline_i/ffire + water)? T4 -

’ -

- The commutative property of addition means we may cnange the -

, order of any two numbers without affetting the sum. The associ-

E ’ ‘ative property means’ that'we nay group numbers in pairs for the ) -
purpo8e of adding pairs of them without affecting the sum. Just

. as there 1s a(commutative property for addition and multiplication,
we might expect the assoclative property to belong to ooth .
operations.

~

-

- Sometimes it 1s convenient to rearrange the order of tne
_nuymbers which are to be added, or multiplied, in ordey to make .
the operation easier. Tais may be done by use of the commutative
A .property. QPen the addition or’multiplication can be performed &
\ by grouping tne numvers according to the associative property.
The following examples are illustrations of the uses of oboth
properties in the same problen. * ]
17 + (19 + 13) =1/ + £13 +19) f’(‘i\”ﬁ +13) + 19-= 30 + 19 = 49
’50 -(17 « +) =50« (k.- 17) = (50 + 4) - 17 = 200 - 17 = 3400
- Is there an associat ve property for suctraction? Perhaps; )
' we can answer tne question by comsldering just one example We
try 10 - (6 - %) which is lO -2or 8. But (10 - 6) - = =0, so
that 10 - (6 - +) 1s npt equal to (lO - 6) - 4, Thils shows that R
subtraction does not have tne assoclatlve property. At first you
may think that one example is not enough and- that the property
might hold 1f* we used some other numbers.s But, if the associative ¢
» propepty i8 to hold for subtraction then 1t must hold for all
- phole numbers. Hence, by showlng one set of three wnole numbers
" for which the property 1s not’true we know that 1t cannot be a

property for all whole numbers: ) R
Do you think the assoclative property holds for division?
!
What does$}6 + 4 + 2 mean? We cannot tell. It may mean -
(16 + 4) =+ 2, or it may mean 16 + (4 - 2). The first of these I,

(‘ s [sec. 2_3¥f) .
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, 2-&.‘ &.g Distr\ibutive Property. '
j - In finding the-perimeter of the top of a desk one pupil -
easuped the length- of each MPe in feet - . P 5 ~
. found the measurements as snhown in tke N N o
‘d/}:gh\ Then he found the perimeter in 1 . 3
feet by finding the sum.5 + 3 Y5y 3 =16. - .
Anot;her pupil said he thought that this was . . &5
all right but “thaf 1t wad more work than necessary. "He said he .

Mould add 5 and 3 and multiply their s).un by 2. Will this give
the same andwer? A thiruil said she thought it would be

- better, to multiply 5 by 2 and 3 by 2 and then add. these two
products * The second and third‘pupils maSr not have “known the
name of the principle they were using but it is useful ;—md
imporgant . It 1# called the distributive property *In {aerms of‘
¥ the pupils' ‘problem it states simply that ’ ' _ -

- . 2 . 5+3)-=(2 .5).,+ (2 -3) -
- ¢ . 8&nd . (5+3) (2'8)-_,' -

Eight gir.'ls and four boys’ are planning a skating——party
'f‘hen, each girl’ 1nv1tes arfother girl and“edch boy invites another
, boy. The original number of girls has been doubled. The
- original number &f boys has, .De_en doubled. Has the  total hun;ber'
of children been doubled ‘or not? 12t us see. 1In all there will . .
be (2» 8) girl%and (2°- &) boys or a total of ’ '

(2 - 8) £ (2.. &) =24 E:hildren at the ‘party. é us look a‘t this

"another way. When the'party was planned, there were (8 £14) = 12

- children. . The final numbér of children 1”2 - (8 + 4 or 2 -« e
We have seen that 3* (2 - 8) + (2 - 4) = 16 + 8 = 24 -~

and > (6 B) =2 .12 = 2k,

(2 -.')—2 LGRS P

-

this propérty in many ways for a long

So we can writ

+  You have bee

L .
time. 'Consider, for example, - 13 or, 13. Yoy were really
N )V -t ‘ .r X . . . ' .

» ‘

using the.distributive Rroperty because:

313 =3."(10 +.3) = (3 - ,10) + (3

L . ’
Sithg . ~ , ‘
. s . LT e \
2 ‘ot
. [sec 241 X
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Lt us see how you use thg distributive preperty in finding
-the product 9 - 36. You probably -perform the multiplication
-about as follows: _ . A : -

y 36 “ . & . 36 .
0] - 1 [
5‘2% . R i’s‘% 'gxgg) A
” | : ‘ §%E 8 Lo

Do you 'see‘that the' left example is a short way of doing the

problem? Yed were reélly using the distributive proper.ty: h
" "9 - 36 =9 (30 + 6) o
_=1(9 - 30) + (9 - 6) distributive property
s R T T |
S = 324, E R LT

The distributive property‘is also importattt An operations - .

involving fractions. Let us find the product @f % :
First,w reé\all that 12 ‘ﬁ' mean.sr 12 + Then _ v
.’ - . 1 '
8 "121.-=8 . (12,‘-?’55‘ ) 4 )
: K=(8-12)+'(8--Ili-)=96'+:2 By
. . . = 1 "
The distributive.property is: - P b
Propertx 5. If a,. b, and ¢ are any m& % then
/” a-(b+c)=(a-b)+(,-c) :’

The distribu’cive -property is the only property of‘ the Je
.we have studied in "this chapter which 1nvol</es two operations "
na.me}.y, addition and multiplication. This does not mean that any
problem vlhich involves these tyo operations is perfor'med by usipg -
the distributive property. "For example, (3 - y + 14 means that
thes ‘ddct of 3 and 5 must be found and then 14 added to. the

-

» - «profluct: (3 - 5) +.14 = 15 + 1he= 29 - -
. Hoq%er,"-s - (5 +14) = (3 5@4, ~1u) - 15+ uar 57. A




~ . Let us see how you use theg distributive property in finding
-the product 9 -+ 36. You probably 'perform the multiplication
.about as follows: _ . N ' :

36 h . o
§.§g . LT 5_5% ,ég'xﬁ) . -
: 9 x 30

) ! .
. - e
~ .
.

Do you see that the‘left example is a short way of doing the
problem? You were really using the distributive property

c . |

) 190 36=9- (30 + 6) ] L
(9 - 30) + (9 - 6) distributive property |

N B N =270 + 54 '

[T

2

i}

_ e e imeees T e - M - -— P

= 324, .

;""" The distributive properti‘is also importaﬂt-‘f opérations - .
involving fractions. Let us find the product gf 1
First,»redall’ that 12 T ‘medna 12 + F. Then .

L LY . N
. . 1 . .
8 - 12 ¢ = 8 - (12.4-‘55 s + \ )
‘7' N l -ﬁ
. ‘ ‘ K=(ts-12)+(8--[{-)=96f+:2 . |
5 ’ 4 . . .t N r
3 2 '1=-\9g. " . »
N o * ' .
) The distributive- property is:?
v " Propertx 5. If a,'b,'and c are any gg; gg then
f' -W+c)=h-b)+m-c) S

The distributive-property is the only property of the rJe
'we have studied in "this chapter whiclh involOes two operations ":
namely, addition and multiplication. This does not mean that any
problem “dhich involves these two operations is performed by usipg - )
the distributive property. “For example, (3 + 5) + 14 means that .
thes Hdct of 3 and 5 must be found and then 14 added to. the

. «proﬁuCt (3 - 5) +.14 = 15 + 1H.= 29.°
. Howeg,er, 3 - (5 +14) = (3 5.,»+ “14) = 15-+ 437— 57. A

—




- First, (b Ne) « a

""Also, : (a“‘ﬁT’

a.
(
_The;efore, (b + c) a=1(a-b)+(a-c) N
(
(e
= (b

) The commutative property of multiplicatidn ™mits us to
write (b +7¢) + a = (b - a) + (e . a).. Let us see why.

(b +.c), commutative property

N -

and a - (b+ c)

s \

a - b))+ (av c),‘HistributiJe Rproperty.

b . a). commutative property’

Mol

- (a - ct

Hence, (b'¢ c) -

"a) commitative property.

-

. al + (¢ - a). . L7 ) .,

- -

This justifies the multiplicatien of 12 4 by 8 #n the férm’

¥ ‘ v \ .
' ) ’ 12 %'\8 = (12 +"%) - 8 .(12 -.g)r-}-'“(%}_“n_gél_.:_.____ -
o - - 96 +°2 = 98 ’

Some *of you may wish to use a sketch to help you remember
that the first factor 1is distributed over all the numbers being
added 1ﬁ -the second factor. One such sketchi is 1llustrated here.

-

Al

" For example, consider the product 3 . (7 + 9). h
*  Skesch: = m : '
- P L3
737 o .
- ' ) - \ ¢
3<+ T =21 + 27 = 48, . -
H . ) ¢ - .
- ) 9 (3.-9) "
h < 7 N - ,
R - “ . ' Y
.Note that + ] denotes- thet the 3 multiples both the 7 and
{ s A ’ .
« -\’ [} . . . . “l
the 9 and that these products.are then.added. The arrows always
point to the numbers that are to be addé&d. Another example
might be: o T -4 . . s
o 6 - (5+8) . .
. . \ .- -
T . 5 30.7

- . (sec. 2-¥] . : -
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Another example. \

. (2 +3) - (% +5)

8 R .
2 . n \
10 \
1<+ = (8 +10) + (12.+ 15) = 45
12 d
3 k - ’
. Pl
A —*‘i‘g_‘“ - e - .' — ‘ -
, ‘ . -
. ) Exercises 2-4 “ :

-~

1. Use tme sketch method 11lustrated aboveLto do fue indicated

‘operations. . , - o o,
a. 5. (6+4) " 4, 9. (3 +17) .,
’b.‘3-(9+6)‘ er (6+4) - (B+ "

o 6+ 7) © f. (204 7) - (10 #1)

5 £ - .
2. Show that the f:}lowing are "true by deing th‘&?indicai:ed

Qoperations. ample: {4 #3) = coB) 3 ('3 C3)
‘ ’.,3»_-(u+3)=,3-7=21
- : - 3
. (31“5+‘(3'3)='2+9 - -
' a. L. (74+5)= / S | o~
T be (32 6) + (Bee 6) i )
c. (8+6)+ (7 6 .
d. 23 - (2 +3) =( S -
el 11 (34 4) = :
f. (6 - 5) +26 - 3 .
g. 2. (16 + 8) = ( - -
L1y L 1 .
h. 12-(5+-¢)-(12-5)+'612-:;)' .
"1, (67 »~MB) + (6T~ 52) = 67 - [u8 + 5‘2)‘ .
iR e Ger=2 $GH. 0 -
- L I ’ M s ) Y
. L .
[sec. 2-4] '44" .
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I ~ ~ )
. _ = 39
< ‘ l, ] \\ ."-_- «
’ "’ 3. Make each of the followlhg a true statement il_lué‘brating‘ the
* distributive property. ) ' -
”@-,3'-(“+‘)='(%, 3.3 :
PR b 2 - ( + 5) = l“) + .5)
\ ’ -
» * c 13-(6+1%)=.(13- )+(13')
L d.,(2->’7)+(3 ) = ( ) I A |

| e. (B +( B =(6+7) - (). -
‘ L Using the ~distributive property rewrite each of tne
- .’following

k2
Examples: 1.. 5 - (2+ 3) = (5 - ) + (5 - ).
} 2. (6 - 4)x (67.3) =6 . (4 +3) _ .
a. (9 -8)+ (9 -’2)' d. (13 + 27) - )
by 8 - (1% + 17) , ) e. 15 - (6 + 13) .
P c. 12 - (5+7) cf. (5 -12) + (. 12) -~ o~ !
5.. Using the idea. of the di'strioutive property we cgn rgWrife','- -
#. for example: ' . T
BN ’ r{ .
1) 104+15 as (5 2) w(5-3) orf5 - (2+3)
(2) 15+21 as (3 :5)+(3-7) or3 . (5+7)
Usé the distribu}ive property to rewrite the following in .
@ similar way. o . .o )

: a. 35+ 40 d. 27 +5L -

1 b. 12 + 15 . e.-100 + 115

, c. 55 +10 -7 £f. 30+ 21 B . .

’ A - ¢ 4;)
6. Wnich of the following are true? -
a. 3+ [4%-2)=(3+4).(3+2) -

» b. 3. (h-2)=(3.4) - (3 : :
- ® c.\(u+6)-2«——ﬁ“2)+(ﬂ?§2)' ' Y
, . d. (4 +6)=2=(4+2)+ (6 " e .
S C3 a2 =3 H) 4 (3 2) ‘ '

“ r \l . -
-X ) ) F A |
. . ’ [
. ';-‘ .
Q | ) 45 )
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2-5. Inverse Operations. .

P Subtracﬁion 1sr often ‘taught quite separately from addition,

this section is to clarify the relagions between these operations.

_  Often we do something and theh wd undo_it. We open the <door;
we shut the door. We open the window; ‘we close the window. One
operation 1is the inverse of the oﬁhern )

4
The inverse of putting on your coat is taking off your coat.
The 1inverse operation of division is multiplication. The inverse
operation Qf addition is subtraction.

Suppose you have $22O in the pank and you add $10 to 1it.

Thin you have $220 + $10 = $230. Now undo this by drawing out
$10. The amount-that remains 1s 4230 - $10 = $220. Tge athletic
* fund -at-your school might have $1800 in the bank and after a game
have $300 more. Then the fund hds $1800 + $300 or $2100 in 1it.
But the team needs new uniforms wnich cost $300 so $30Q is with-
“drawn to pay for them. The amount left 1is $2100 - $300, or $1800.
These opérations undo’ each otner. Subtraction is the inverse of

addition. ‘

Of course,. we could expfess this idea in more seneral terms.
.Let x represent thé number of dollars originally 1n the bank.

* If the amount we deposit is b , then 'X ++b a, where a
represents the number of dollars we now have in Uy; bank. How
shall we-undo this operation? From the number of dollars
represenﬁed by a , we subtract the number of dollars withdrawnj
represented by b and we have -the number represented by x .
We write x =a gA%” )

You use the idea of inverse operation when ydu use addition
in chgcking subtraction For example:

N 203 . _check: 107 - .

]

]
X¥loc p
\‘+
Bs
< GO

+
o X

and the same 18 true for divIsion and multiplicatlon. One aim of

!
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You also use the idea of inverse operatiqg when you use’
multiplication to check division., For examplé:

'18 l - S ‘m ~
167?88 ~~check:. 16 o
160 x 18 /
' 128 ‘ . 128 - /
< 128 : T 160 /
‘ 0 ' . “ 788 ,
- . .‘“ J\
or 288 + 16 = 18 : check: 288 = 18 'x 16.

Notice that if a and b are whole numbers, and.if-
a>b, then there is a whole number x so that b + x # aeg
Examples' If a 1is 17 and b 1s 10, then x 1is the whoie
number 7 so that 10 + 7 = 17; if a 1is ul and b 1s 35, fen x
fs the whole number 6 so that 35 + 6 = 41.- When a is greater
than b it is always possible to find x s¢ that a =2 + X.

L Y

.Can you make the same generalization if thg .above operation

b + x = a, 15 changed to multiplication, b} x = a?, It you
'substitute 2 for~b and 3 for a you willls that there is ng
lﬂgglg number that can Dbe substitubed for x \such that

2 . x = 3. If one substitutes. certain numbers--fdr example, if-

= 20 and b = 4--then there is a whole numﬁér that can be
' substituted for X Ssuch that L .% = 20. In this example x
must represent 5, since 4 . 5 = 20. We get the 5 By dividing
20 by 4. Also: ' . - ’
If b 1s 6 and a 1s 2% then must be 4 since 6 - &
If, b is 5and a 1s 40 then must be 8 since<s ™ '8
. If b 1s 3 and a 1s 30 then x must be 10 since 3 - 10

»

»

In each exampile the numbe® far x 1s found by dividing the number
repreSented by a by the number represented by b. In general,
1f there isa counting mumber X that can be multiplied by a
counting number b to get counting number a , then this number
X can be found by dividing a by b. We write this as

b+ x=a, We multiply X by b toobtain a . To undo the
operatiodn we &ust perform the inverse operation which means that
we must divide a by b to obtain 'x: bfg .~ The inverse
operation of multiplying by ‘b 1is dividing by b

-




Exercises 2-5 . - . )

:S_glect the words or phrases that describe operations that

17
Y have art inverse. -An operation followed by 1ts\?nverse o
returns to the original situation.
a. Picking up the pencil. “(Reme éer,”"ggg picking up the
pencil" is not an inverse og;pQFignt "Not picking up
the pencil" does-not undo the operation ofgpicking up .
- the pencil.) > - ceto - -
b. Put on your hat’ s L .
J . .. Getting into a car. T ol B -
¥ d. Extend your hand. i
e. Multiply. ] ) .
~ f. Build. Jf\ : -
P 8- ASmell the rose.” ’ i -, . .
S h.. Step forward. . P
( "L. Jump from aqflying airplane. - X
~J. Addition. ' ) )
k. Cutting off a dog's tail. . 5
1. Subtraction. * - . 3 . ud
m. Lookling at the stars. ..
- n. "Talking. ’

Taking a tire off a car.

2. Write the inversg operation to each of those opegations
. ‘

.« selected in Exercise 1. ) . .
i 3. Perform the indicated opqution agd check by the inverse - \
operatlom: .
btract in (3) to (f) ( . .
a. 89231 . . e. $8000.02 _.
- 42760 ‘ 6898.
b~ iéos.% o f. iloom.so N
297.96 8697.83 .
- x , " .
c.. 803 ft. . . 29725008
297 ft. A : .
. T ‘ h., 38 0 ‘
4. §1+3b2.14 700 -
. . 2889,36 1. 27721506
‘ ‘ 3. 1971350
. LR —

EMC' § . [sec. 2-5] - .




- k. One hundred twenty minu$§ eighty seven. - —

1. The sum®f six hundred forty-seven and eight hundred

twenty-nine. -

m. The difference between gighty-nine and twenty-one.
‘n. Sevenf&-six plus sixty-seven. ’

- .- 0. The product af three hundred six and’ one hundred ninety

‘~£: Find, if possible, a whole number wnich can be used for x
_in each of the following to make it a true statement. If
there 1s no whole number tnat can be used for X , then say

there is none.

a. 9 +x =14 n. 3 «<x=12 ., ’ -
b, x + 9 =14 -~ o. L . x =20
s1=2 p. X =20+ & o -
+x =11 g. 2.x=18
"10 + X = 7 r. x =18+ 2
5 +x =46 s, 5. x=30
g. 10=x+2 t. 2.x= 0
h =9 -5 - u., x=0+ 2
1. =11-38 v. 9.x= 0 )
J. 8 +x =11 w., x=0+ 9
— k. 6 +x =3 x. 3 +x= 3 -
1. x =13 -6 y. x=3 + 3 -
. m. 3 +%#*x+ 3 z. 11 »- x =11 b

5. 'di\\xf one bookcase will hold 128 books and another 109 books,
how many more books does the former hold? -
b. A theatre sold 4789 tickets one month and 6781 tickets
the next.month. How many more people came to the
theatre the second month tnan came the first month?
c.+ If one-building has 900 windows and another building 811
windows, how many more windows does the first building
.contain? - ' ' ) =
d. The populaéion of & town was 19,891 people. Five years
later the population was 39,110 people. What was the n
incrcase of population for the five %ears? T
e. 1If one truck can carry 2099 boxes,ﬁhQW—maﬁg—boxes—eaa-——
79 similar trucks carf;} -
f. How many fracks ape needed to store 208 chairs, 1f each
' rack nolds 16 chairs? Ve,

o 7 ' 4 U J?Tr’% L3
C | ) {sec. 2_‘5T . .




A S ~ . * i

gl"Atwa part& there were 288 pieces of caﬁ&&. If there

- were -8 children at the parZzi how many pleces of candy
‘could each have?

n. & girl scout troop has 29 members. Each ﬁember is to
sell nges of cookies. If the trbop has 580 baxes to
sell, how many. boxes will each girl have to sell in
order to sell all of them? ‘ '

3 R . - . -

2_6. Betweenness and the Number Line.

A graphical repreieﬁ{;tion of the system of counting numoers
makes it easier to see some of the struetﬂﬁe of this system. At

the same time, 1t is tne first link in a chain whicn will later
. =
-

connect arithmetic and geometry.

L4

How wnole numbers are related.may be shown with a picture.
Select some point on a line as™below and label it zero (0).

0 } 2 37 4
‘v A L 1 A i

Fn

¢ 1 8 9 1o v

Lavel tne first dot to the right.of zero the first countinb
numoer and edcn dot after that to the right the suecéeding count-
ing number. -- Tnis plcture ‘®s often referred to, as The Numoer
Line. ynole number is smaller than any of tne numners on the
rignt side of it anq.greater?tnan any of the numbers on 1ts left.
For example, 3 1s less tn#n S and greater t“anjgf“22$§ may be
written 2 < 3 ¢ 5, since 2 1s less than 3 and is less than 5.
With the nu\uer line we ;;B\also determinn 0w many wnole nmmbers
there are oetween any two whole numoers. For example, to find
how many wnole numoers there are between 6 anmd 11 we can look at
the picture ahd-’ count tnem. We see four orf ‘them, 7, 8, 9; and 10.

e
E

- Exercises 2-6

1. How many whole numlers are there between:

. ra. 7 and 2ﬁ - e. 25 and 25 .
b. 3 and 2‘ ' f. 23 and 25 ° \ :
* T ¢. 20 and 25 i g. 26 and 25 )
17 and 25 . h. .11k and 25. -
50 b
[sec. 2-6] . - .- .
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\ "4, If a and b are,who;e numbers, and a > b, is the
» *  number of whole numbers bftween a and b :

. (1) b-a 2 (3) a-(b+1) 2
) (2 (a-1)+ b 2 {4) (a - b))+ 1. 2

2. What is the whole number midway between | ) -

- a. 7 and 13 " e. 17 and 19 .
b. 9 and 13 ° £. 17 and 27 .
¢~ 20 and 28 " g. 12and 20 -

- d. ¥ and 50 'h. 12 and 6

3. whicH of the fc(llowing pairs of whole numbers have a whole
number midway petween them?

. < & 6,8 h. 19, 36 = :g2
A b, 6, 10° + 1. a, bif a and b are even
c. 8, 18 ’ - whole numbers )
" 4. 8,13, . 'J. a, bif a and b are odd
e.. 7, 12 ' whole numbers .
i £. 26, 33 - k. a, bif a is odd and b
X g. 9,17 : 1s even

) 4, The whole numbers a, b and c¢ are so located on The Number
" ' ILine that b 1s between a and ¢, and ¢ > b,

a. Isc >a? " Explain with a number line.
. b. Is b >a? Explain with a number line.,
c. Is b <e? Explain Wit{l words.,

5. The whole numbers%a, p, ¢ and d’are so located on The
Number Line that . b ,13 between a and ¢ and a 1s
between b and 4. What relation, if any, ®s there among

— b, ¢, and 4°? 3

— 2-7. The Numker One. ’

The number one 1s a speci@er in several ways.. One 1is
the smal'l‘e,st of ofr counting numbers. We may bulld any number,
no matter how larze, by beginning with 1 and adding 1's until we
hgve reached the desired”number. For example, to obtain the.

number five, we can begin-with our speeial number 1 and repeat
the,additionofl. l+l=2'2+l=3,3+l=4,4+l,=5.

There 18 no largest counting nurfer. >
\) - 51 -
. - [sec. 2-7] .
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. Also, it will be observed that for any of the counting
numbers (l, 2, 3, .».) which we may select, we get the-pext
larger counting number by adding 1. This may seem bb6ious to you'
because you have used the numbers so many times. Ln some of ‘the

7/ fundamental operations ‘Wwe do not get the next counting number by
operations using only the number 1l; e. g., 3 - =3, 3-1=2, -
In one case we do nqt even ‘get a counting mumber .’ 5bserve_what
happens when we use the operation of subtraction? 1 - 1 = 0.

- Zero 1s not a counting number. -

In multiplication if we wish to obtailn a different numeral
for a number, we can multiply byfalﬁglect;d fopm of the specilal
number 1. In this-wQy we may get a different}ﬁ&gbral, but it
represents the same number. You may recall tha% in rewriting :

o

.

as 3, you were simply multiplyins 4 by 2 ' Of course, g ia our
. ipecial number 1. Multiply ] by 3 and get 3 ; multiply :
. x z by 3 and get 1o - These are examgles of multiplying by the
number 1 in selected forms § , and 5 - This means that the new
,‘fractions are different in form from the original ones but they
still represent the same number. The special number one when
. used as a multiplier makes the product identical with the multi-
plicand. Becauée the product of any counting number and one 1s

—— +n uhan, - , called the

i

"identity element" for multiplication.

t

. Since division 1is the inverse operation of multiplication,
1s the number one also special in division? What happens 1f we

% ATVitTamy-counting-number by one? We do obtain- ‘the same count-
- x_  ing number. But if we divide 1 by a counting number we do not

get*the counting number: For this reason we cannot say that the
-number one 1s the identity element for division. A counting .
number multiplied ﬁy 1 1s the same number as 1 multiplied by the
counting number but the same thing cannot be said for division. S
If we let C represent any counting_ﬁumber we can express these

. * multiplicatign and division operations using the number l in.the

following ways.

[

; C.-1=1"C; Y

) T S C+1=C;, .o
' ., T+C=1; | ' - -
. ‘ 1+C4C1ifCH#IL. ‘ '
Qo B [ C .

" o P ){_.
E;BJ!; ' ] . '[sec. 2-7] ¢ ,
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- "We have learned to use 102 to mean 10 - "10; 103 to mean .
10 - 10 - 105 10° to mean’10 - 10 - 10 - 16+ 10 + 10. The "2,"
The exponents are smalf: but the
numbers represented by 102, i03 and loﬁlére very large. L}f we
. use 1 in place of 10 this is not true. For 12 = 1 . 1

lq =1 » ll- 1; ?6 =él . 12601 . 1365é . 1 and tﬁese'afe still ?he
number 1. In fact 1~ or 1l is still 1.
200

"3," MG ane called exponents.

or 1

Ll
? -

When we say 12 or 1 is reaily only 1, we are Jjust givfhg
different names tq the same thing. 4It'ishtrue that the number
représehted by each of these expressions is 1. Can Jou think of
dther such combinations of symbols which represent 1?7 What

number is représéﬂted'by 5 = 49 X - IX? . :

Our discussion of the number,one may be summarized briefly
in the ﬁathem§fical sentences below. Can you translate them into

words? ‘The ldtter "C here represents any coﬁnting number. .
a. C=1lor (1 +1)or (1 +1+ 1)_§§ ... ete.
1.C=¢C . ‘
. c=21=C ' S
4. c+C=1 - i
Yooew 10 21 ; ‘

L]

Exercises 2-7 - g

-~ . / ~
1. From the following symbols, select those that represent'the
number 1: .
) s 1,1
a. i ?. 1 f 0 ' 1. 1 m. 3 +3
b. T £f.01 -2 J. 1:+0 n. 1 - 100
' 6 200 <8 -1
c. 5-%4 & 'ff k- 200 - °- 12 -5
: L 10 2 -1
, 4. .1 -0 h. T 1. 1 p. T
- * L d
2. Copy and fill in the blanks: -
, a. 100 -1 = ' .d.1.§-.1='
b. 10-1.1.1= e. 0, 1= ‘
14 ‘
oC- T = ’ £f. 1°+.0="
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3. you get any.counting number by the repeated addition or
su traction of 1.to or from any other counting number?
Give an example to support your conclusion

rcount

g numver? ”

- By «the above process can you get a number that is.not a
Give an example to sypport your conclusign

1

RobengLaid, "The counting numbers are not ¢losed undery the

subtraction of ones but they are closed under the addition

of onesT‘

Perform the indicated operations:

Show by an example what Robert ‘meant.

a.

(& - 3) 876529
17976538

89}638
896758

b.

;
s

s

110

3479 - 1

97 - x°
(489 + 489)

1548

odoo —
o =]

{1f x 1

sbl)' ‘

2-3.

frequent source of confusion, even for many adults.
of thls section is to clarify this situation .

>

-
K x X
Tne Number Zero. ! : .

Arithmetic operations involving the number zero are a ‘7

The objeck
2157,.

Another special nuntber is zero. Occasionally you will °hear ---

such as

"naugnt."

Whén you answer a

1t called by other¢names,
telephone a voice may'say, "Is this 'one eight oh three'?"
course, tne caller i1s not, referring to the letter

of us understand that he means

"one eight zero three.,"

.

Of‘~
"o," and all

Although

zero i1s not included in the counting numbers, it

as one of tne whole

Mpost of- the time we

use" it ac

is coﬁsidiﬁgh

rding tor ‘rules of the ‘counti g. numbers, and in a sense

it 1s used to count.

If you

1 your money from the

*

. 38:,

bank, you can express your ba k’ﬁglance with this special number

zero.

/
¢ you have answered fo questions correctly, your test

dcore may be zero. If tnere are.no chalkboard: rasers in the
classroom, the numocer of ,erasers may be exprengd by-zero. . In
all these cases, no money in the bank, no conrectly answeredh
questlons’and no erasers,vtne zero 1ndicated that’ there are’ no

objects or elements in.the set of obJects oeing ddscussed

If

there are nd elements in

r

A

-

#s

tne set\ we call it an empty set.

1
i

[set. 2-8] .
. 5
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T T el . ) , M 49
L': ’.'. ;_ ,.,."?M- Lot »-.c‘ > Y , : ‘ : .
R The nmnber' z’er.o is t}he nwnbefr oT elément; in the empty set”.
ﬁ*‘ +In th jaense, some’ perso say that zero meg “not any."
v : R Othe \it means "nothing" becauset there/1s noth.ing in the .
. get. .As we. shal}’see, thise arc’x"ather confused and limited
“ . coﬂceptspf‘ ero. : T e e, ) .
. ‘ on a’very.colq!/morning Paul was asked tlge temberature' .

! After looking at the thermometer* he replied "zéro." Did he . '

T m n there was "not any Did he mean nothing No, “he. meant

* . th® top of the mercur wa; at a gpeBific point on tHe scale
called zero’. - Fred had/ an a;timeter in his car so he could check

. -2the altitude as the rove, fﬁ the 28 ountains. On one
*oation trip th.ey dr;d’\/e to the Sa k2. On the way dofm
~Fred exclaimed ~'Lopk, "the altitude ‘is zergp!" When the altimete‘
indicates zero, "it does-not mean there 1s not'hixg," it means we
a:’e at a specific altitude wnich is callyge zero. It 1is just as.

'- SPecific and reai——a.é an altitudg of>999 feet. (\ ‘ .

-

. We notlced.that the sum of a courtting num %and one 1is
q.ways theen . larger counting number. 'I‘he sum-¢ > a g¢ounting -

number ‘angd zero 1s always the origin‘al counting number For -
exampie, ,r,,+ 0 = =*E.  We might express this fact in symbols o

‘C o+ 0 = C where is any counting numver. Or w&miglt express
the fact by .saying -that zero is the *"identity element" for

. ey

addition ) o .. ’ \ . ‘ .
. f’ - The diﬂ‘ference between the same two natur'al numbers'is'the
N 1al number zero. For exdmple, ¥ -. 4 = Did’ you notice
T n' this subtraction. operatth get a counting
+ 2" humbeg .To put the -tdea in more elegant language, We would say -
: get of counting numbers is not closed under subtraction.

—_——

Let us\],ook at &he special ‘number zero pnder the operation

Ja—
. beg oi’ chairs in 3 rooms if each room contains zero chairs.
'I'hus any number of fooms containing zerd ckairs woufd hdve a
tctal of zero chairs. +We might.express this idea in symbols by

\ writing € - O =0, where C. is,.agg/ cow\ting number.
' LI . o~

s, - .- e d ot 7 s “'_ ’
’;‘. : . - R , ‘ - _- ;
.y - . .‘ '
'h-

. . '/‘.“\ [Sec —8] 55 T

A -~ *
. . ,,": v » . .
* . - . .

’

multiplj.cat;ion what could. -3,+ 0 mean? We might think of the ]




w

'
. symbols, but i,t rrfay not be seen at the first glance Did. you «
? observe that if Ohe product of two or more whole numpers is zero, T
then one of the nﬁmbers must be zero"{ For example, L o5 ) = 0.

- ‘ M 3

" 1 The product O - 3 1is even more difficult to explain;i But we
‘do know by the commutative property for mui;tiplication that
3.; 0=« . 3. Wedhave seen that % = 0, Therefore, we rr}ust
_have O + 3 = 0 as we wish #he commutative property for multipli-—
g,ation to’ be true for:all whole numbers. If a represents any
whole number, JWe may e,xpress this by wriiing g-0=0"-a —‘% ,

2
.

If a is zero we must have 0 .- 0=0.

There is a very important, principle expressec’i in the abow

7

@\ mathematics you will use this fact frequently

[

‘

L 28] e
.. [sec. 2-8] 56 . '

’

,..et us sge if zero follows the ruled for division of count-

ing nuymbers. - - ‘ ,‘._-’ ( . s "

3 ‘What ¢ould ,ze'ra\adivided by 3 mean?If we 'have.-a“room With
“zerq chairs and divige tne room into tMPee parts, it could mean

the numoer of chairs in each,part of the room. With this meaning,.

0
0 £ 3 should be 6. If 3J0 then 0'x 8 should be zero,- oy the

inverse operation. Does this .agree with the defihition o _

multiplication by zero? N ~ : . ™

* <
Occasionally students forget that the division of zero by a
counting number 1s always zero and never a counting number. " for
0 _ a0 40 . . _ T .
.ex_a.mple,nT._a 0, % ;!‘7: | ‘ ..
If %= 0, what is %.‘? is-o)"'(’ a countimg number?'.' Let us’
‘L
_assume that Oﬁ is equal to some number represented b,/ N S
+ This means that 7 1is equal to zkro times some n

. "w ?W) » The product of any number by zero i,S zero; there—
- . ore, here is no number N “that will equal O In_more “

elegaitiianguage, we may say that - g 18" not the
é L number zero. Therefore, we cannot pe
\bpéi‘at-ion?‘ We cannet Fdivide a counting number by zero.

uld we divide zero by zero‘? In symbols the question 1is:
"% = ?". Or OTG - Ity 070 equals some number n * then by our
'definit'ion of multiplication, O X n = O. “What’ numbers could
X, ]
. e , ;

E -

»

L]




L]
st

. replace n ? Could n be 3? Of course,: n could be any
counting umber. or zero. Simce O)’(T could be any whole number,

-

’

- ‘- the s’ymbol % has goo many mea{ings ' Therefore we should .
.. remember ;)hat we cannot divide ither a counting number or zero .
) b zer . L3 Y u
“,, . y & . AN ' K v

.. Mary summarized the operations ‘with the special number zZero
.in these symbols. State them in words 4f u and W represent :
ahy whole numbers and c* repreéents any -counting number.

.

& S a8, W+O0= W
=, . b, O+wWw=w T / o, ot .
) e C- W-=0=w ‘ ¥ N s ’
“' -7 ' dw O W 0 : ’
o2 - e. W-0=0 R
/' ‘f. If~u - W =Q, then either u or w 1is .
. _ ) ‘ . zerp or both are zero. ,
. . g 0=C=0-","". . .
RN . ‘h. + C + 0 has no meaning. N
~" h o . v ora '
— §A - T o ; - . .\ L '
L Exe¥cises 2-8 ' . .
1. Select the. symools that represent Zero: . oL
/- ! - . A v ] i N
1+0- - 2 e ’ :
P B 2 N SN
 p. .0 Y b'ay - T :
L N u - ‘. ‘O_ 2 ) ’;;‘ ) :i ’
SR L U &
L0 P. 7%
v 208 [ ) e AL
S . e.. "5 ~ & - ‘-2- -2-* - ,
’ ' N r.” 1% - 25 ~ ¢
. ] f\: 7 —7. . ) ’ ) . lk’ -
<t ‘a o " 8. 12+ 0 : - ]
- &0 . 0 T . )
e t. O + 12 L -
A h. 040 | - - *
. ? 1 foTul o2 (4+6+o) : -
\ .\/"f— . N ” ) . ’
. vV, © b)) 4+ O T
( _g..[ioo-_ioo~ K i ) . ‘f P
. R - y ' s W. ! -
k. - 4 T ) B i
36 . 36 ’
5 -1 -
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. L » -
. . . - b
52 '
- - N - - 4

., . - - - s

¢

2. Perform the indicated opera:E;ons', 1#possible: ‘ -
m. $391.16'+ (% -, 3)

v

- .’a., 376 - 49

b, 678 : 946 . n.

' ~__
$897:40 + (3 -3) |
c. 8984 + 62 0. .(480 + 24)'+ 20
d. 9484 + 62 . ’
‘p. $1B46 + (3 +3) :
e. 87 x $419.98 Q
£. 69 x $876.49 Va. 47.9TxEx0 .
g- $989?26(2 -§2)\3 . r. 49 .0 .47 .97
fl. } X 8)4'6.'25 s, $97.86 X 0 X O .
1. 5 x $14.13 3 .+ 2 LT
y . ‘P-.'(9-9)°§ﬁ s :
3. 6719 - 1 ¥, 6 . .o
k. 379(146.8 - 145.8).° %, 76+ 1 ’ S
1. (34.6 - 33.6) x 897  v. 1Y% x $97.46
3. Can"you find an error in any of the following ‘ét}a;temefxts‘?
a and b are whole numbers. cyr—
ar; _ .
a. ¥ .0=0 e. If a-b=0, a or B=0"
b. 0 4 =0" . f,.If a-b=1, a or b=1
c. 2:1=72 ‘g, If a-b=2 & or-b=2"
1.2=2 N h, If a -b=3, alor b=3
i W - “w .4, [If a va'=C, a or b=¢C

29 ‘Summary . - -

1. The ae{ of numerals (1, 2, 3, 4, 5, ...,W.s the set of .
-~ 'symbols for the counting numbers. ‘

«2: The Bet of numerels {0, 1, 2,-3, %, 5, ...} 18 the set of .

symbols for the whole numbers.

3. .The commutative property for addition:, a + b =D + a,
ere 'a and b 1Mpresent any whole numpers.

5:‘ Thg commutat ive properﬁy:for multiplication: a - b'_- b .;3., (I
. where a ‘and b~ represent any whole numbers. e
) PR R - \ .
v ! ) T ) \.
* L -
' o8

[s‘;c . 2;-9]

*




11.

12,

,The ‘associative property for addition:

whole numbers. .

"~ division 13fnot<§1ways posSible in the .set of whole numbers;
‘that is, division o e whole number by another whole

possible.

v
»v L - » .

a+ (b+c)=(a+Db)+c where a, b, ¢ .represent any
whole numbers. - ) o ; . .

The associative property for multié%ication:
a-(b-c)=1(a"-Db) . c where a, b, c represent any

The distributive property: a: (b #%c) = (a - b) + {(a . ¢) -

W

. - - ~
. and (b4c)ra=(b-a) gl a) o
-where a, b, ¢ are any whole mmbers. S ] ‘
New symbols: (set of elements},‘ > is greater ‘than; B N\
< ‘'is 1léss than # 1s not equal to. T v

g i ¥ T .
Set and closure A set is closed under an operation if the .
combination of any two eleients of the set gives an element
of the set. The set of.counting numbers is closed under‘

addition and multiplication but not under division or . A
subfraction. - o S ”_" oo
Inverse oggrations ‘ Sﬁbtréctiqn 1s the inverse of addition,nl -

but subtpaction is not always possible: in the set. of whole
numbers. Dlvision is mﬁb inverse of multiplicationm,; but ,f

number does t a s yleld a -whole number,

The number line and betwéenness. Each whole number is !

assoclated with a int on the number line. .There is not
always a whol ber between two whole numbers.

" Special numbers: O and 1. Zero.is the identity for

addition; 1 is the identity for multiplication; multipli-
cation-by O does not have an inverse; division by O is not

&
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: Exercises 1-3. *
J. _—————— ae
1. "(a) 13%}/9.n
L "(B) 24seven~
A . () 1165¢yen
¢ -~ 7 . .
¥y . 2.7 (a)
. (b}
S ' -
“‘\ \\ (C).
- A \\

3

:("d)\sr%x X X X X) ’ “ -
N\’ : > - T,
L /{ ~4x XL X X X X _ . - .
X X X %X X X . ’-
* X x X x X XX x ! . -, )
- ~ X:?( XX XX X -\ . —_
) X XX X XXX ‘ ' ’
X X X X X X x) bf‘.
. - )
3. (a) (3 x seven) + (3 X one) = , '
a(b) (¢ x seven) + (5 x one) = ) .
(ed. (1 x seven X seven) = 49 ’ Ce
(a) " (5 x seven X seven) + (2 x seven) + (4 x one) =263
. s .
. . ] =~
b (a) loseven (d) ‘6%seven ’
- y .
o = {P) 1lgien: (e) 10004eyen { )
= . ; ' . k
— , . - .
(c) 53seven - (1) lOlOseven ot ]
v . / ( ‘_6 .Q. . .
. L (a) 5 05(_3}1(_3rl The 6 means 6 sevens s 2
— - .
. (0} 56 en _The’ 6 meas 6.ones o ’
. ) (c) 605 The 6 means 6(seven X seven) sor” ® -
seven
6(farty-nine)'s
() 6OSOseven‘ Tne 6 means- 6(seven X seven X seven)'s
T Qr H(three hundred forty-three)'s
) . b ‘ 4
PR b. seven or seven to the fourth power < .
+ ' 3 Laid .
. . , .
Q \ _ Gu
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: .

N
1,
©

3.

132

N
<

. Beven

452

seven

205¢en

Neither.

-

L4

They are equal,. ) S

The product of ‘9 sevens or (79).

- -

.55

TheyPuse seven symbols and seem to have a place value

system with base seven,

A, O,

zero.

Exercises 1l-4a.

8,

[ [/ follows /|

They appear to usé | ,

®, for'l, 2, 3, 4, 5,6 and -

-4/

Exercises 1-4b.

]

1.

(a) 11. (v) 17 '
(a) Yes . -
(v) By reading each résult from the table and noting
results ‘ o
“(¢) Chart 18 symrr}gtric with respect to the diagonal.
(d) - 55 differept co\mbinat‘xons, just "a bif over half
~ °  the total number\ of com\;l.nations. l s
) ) . 5, (a) 28 different combin-
+fol1fez|uels}é nations. Fewer than
= — —1 .. 49 pecause of the
o|lsl1|z|z2pu]s5 |, 61" commutative lawmof
R addition.
Lye2 | 3| > 110
! < o (b} In base seyen be-
elzlsluls| 6ol |” , cause thex)Z are
. . 2 fewer.
3fu]s5]é|wiilqle ), (¢c) They are equal
; . since 9 = 12 .
| 4151611611 12 |13 . 9 seven’.
s |5 |6 |iof1 iz 137w ) .
616 |10 11 |12 [13 |1 15 ‘ .,
—_ : -
(a) 56seven (e) 05even
(19 + 22 = 41) (109 + 38°'= 147)
. *
’(b ) 110, (a) 620,

(41 + 15 = 56)

(91 + 217 - 308)

6 <

L

for

B Y

-




() Zﬂlseven (1) 6Mu‘seven
: (33 + 94 = 127) (2160 + 123 2283)
(£) .12 66seven (3) 16“‘ 3
(199 + 290 -.189) , (327°+ 302 = 669) .
(8) 1553g.yen (k) 14,654, 1
~ (327 + 299 = 626) ~ (1917 + 2189 = 4106)
(n) Msszseven - .‘ ‘
(2189 + 1873 = uqsz) ‘ k//
i . .
2. (2) 2g.yen () Hgeven (e) seven '
3. (a) 2 even - (8) 203g000n . .
(7-5= 2] (247 - 146 = 101) - ‘
(b.) 47 L 50 27) () 406,qyen. . A
: (47 -20= (1715 - 1513 = 202)
- (e) 163 n
_ sevi . \ (1) 5523ever/
3 _ (98 - = ? ) (319 _ 7 = 282) s
td) 1515q0en .
(1) 36seven ) .
' 91 - 6= 85) (74 - 47 = 27)
. . . (e) 64 ’ ' -
\ (32?’?-1126 = 6) (k) lasuseven
- ‘ X . : - P N
(f) 50656 ven ‘ (iaﬁ 781 80) :
(323.- 72 = 251) (‘?f 2 seven
) ‘ L] - (2.36 N 97 = 39) L
(b) x X XX | x -
x/x x )
. \ .<
/A |
~ A
A\x X . —
x
— s
_ 6.2 .
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Multiplication, Base Ten

Ixlol1 |23 s} s 8| 9 |—
1 0 o|lo|ol of oflc]oO | o
1 o 2 | 3] 8] 5 9
“"l2]oto2 6| & |10 [12 |14 |16 |18
3lo|3 | 6 127 15 |18 |21 jeu |27 '
L4jolt g |12 | ] 20 |24 |28 }32.{36 | ‘
s ]5 |10 [15 |20 | 25|30 |35 | %0 |45
6|lo ] 6" |12 |18 |2k | 30° b2 |48 | s5b
! 71o|7 1 |21 | 28|35 |4 56 |-63-| - _
. g# ©0 16 |2u.| 32 'Jb 48 |56 72 B
9lolbo [18 |27 |36 | 45 |54 |63 |72 .
Exercises 1-1g., e ¢ ) .

»

1. Study of this table should emphasize the following:

(a) The product of O and any number 1s Zzero.
{b) The producy of 1 and.any number is the number
itself.

2. The order in multiplication does not affect‘the product
This is indfcated by the fact that the parts of the . °
table on oppogite sides of the diagonal line are alike.

L4 ‘

3. Multfplication, Base 'Seven . o -
. x| o]l 1| 2] 3| 4] 5|6
' olojojof|o}ocjo
L ' 1 0. 1 2 3 h 5 .

2 o| 2| 4| 61113 |15

- -3 o 3 6 | 12 |15 | 21 |24 '
Ml o] 4 1115 |2 |26 [33°

: s | o 5 {13 ]2 [26 ]34 v -
6 ) 6 |15 | 24 |33 | 42 |51

63




Study of this table is valuable for the ;Eaitional\\1 . .-
inséght 1t affords into the understanding of multipl -\
cation. There is no value in memorizing it. -.The table »
may be used to emphaa;ge that division is the inverse

of multiplication. g ) '

Exeréises 1-44.

: 1. (89<—u55;§en () 222seven ) o :
(c). 1116sevein . (a) 3325seven ' - .
(e) 3u6~se;en () 43, 115seven - -
(6) 106,335, (M) 5,501,026,  —#
:‘ 3 . (E) 125’lsoseven * (J) l’ﬁsq’IOISeveh
o, . )
- C s 2.':(a) 5seven ' (v) 62;even v, ‘qr
' . -(e) 421, .., With'a remainder of 2geven’
' e () 123, an With a remainder of 1240 ven® o .
Exércises 1-5. " Lo ’ 7 ' ; :
” 1. (a) 504, =(1 x' seven®) ; (0 x seven) + (1-x one)
‘ .t - lolseven ‘ —
(b) lhste = (2 x sevene) + (6 x seven) + (5 X one) -
. - 26sseven . e . -
(&) 1024, = (2 x seven®) + (6 x seven?) - ° R
. ‘ + (6 x seven) + (2 X one) = 26625even ‘ )
Ct 2. (a)! 15seven ' o (aF louseven' .- ",,
;iP) 5lsevgn L (el uslseven
.fe) 625even (£) 356hsevep, . ' -

L]
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'1'@_@Q@.

. aT_i groups of three and 1 left oyer.
(b) No: oOnly the digits "o" "1", and "2" are , used
in the base shree system "5" 18 not one of these. _

“  _  (e) (1:group ‘oif tha ) + 12 groups of three)
+ (1 left over).. L ’
(4) 16, = 12qthree
N
. l/\ \ .
2. (a) x , (e) ] x 1Yen
he . , x ’ |x ;x
- S x } A e
Y y : N_’ .
i (v) ' xx, 11, . (ay xEx)x , o
- Tt x x \ x _
'i \ \ x - N
. x
o X
_ 3. [pase Ten O] 1 [2]3[u[s5T6]7[8]9]10
-, Base Five[O [ 1 ] 2] 3 } 4120 11 [12 {13 [14] 20
7 - , .
X ) Base Ten 11 |12 j13 14 {15 |16 {17 [18 |19} 20"
I _ |Base Five 21 2223 |20 |30 [31 (3233 |34%] 40
.E_imn 212223 f2u]25]26) 27| 28] 29] 30 .
Base Five B1 15274344 J100]101 [102 103|104 110 -«
© k. (a) two ' (b) two (¢) two (@) two ’
77 s (a)"(2'x36)+(1+x6)+(5x1)=101 ‘ )
C +(b) (4 x25) + (1 x5)+ (2 x1)*=107
2(e) (1 x'27) + (0 x9) + (0 x3) +(2x1) =29
R Y (a) (IX_6:) +(0x16) + (2x4)+ (1 x1) =73
Other- answers are accepteble, 1.e., (2 x 62) + (4% 6‘1)»
) + (5% 1).
" 6. Base Ten' &s‘e Six Base Fﬁé . Base Four Base Three )
. (@) . 11 15 21 23 102 -
: (v) 15 N 30 - 33 120
- (c) 28 4y © 103 130 1001
- (d) 3 100

121 . 210 . 1100



L

60 ‘\*“

»

- 4

J e P
Exercises 1-7. ’ . -
1. .
Pase ten | 0 [ 1| 2 A1 611 8 g 10

Base two | O 1110 |11 | 100 VEOI 110 | 111 | 1000 | 1001 { 1010

11 12 | 713 14 15 16 17 18 19 20
1011 | 1100 | 1101 | 1110 [ 1111 | 10000 | 10001 | 10010 | 10011 | 10100

21 22 23 24 25 26 27 . 28 29
430101 | 10110 | 10111.{ 11000 }-11001 | 11010 | 11011 | 11100 | 11101

30 31 32 33 . ~
11110 | 11111.1 100000 | 100001 )

2i Addition, Base tﬁo

+ 0 1 There are only four
addition "facts."

0 0 1

1 1 10

3. Multiplication, Base Two There are only four multi-

» 0 . 1 plication "facts." The two
: - tables are not alike, excep®
0 0 1-0 that O + O and O x O both
A 4 ' - hY '
i 1 0 1 equal O. .
i /' The binary system 1s very simple because thgge are énly
- four addition and four multiplication "facts" to
. ‘rerf®er. Computation is-simple. Writing large numbsers,
however, is tedilous.
. , ,
hoo(a) 111, = (1 x two?) +'{1 X two) + (1 x one) =7 *

R \ A -
(b) 1000, ?i¥1,x tWOa) + (0 x twoz) + (0 x two)

x\__‘ . + (0 x one) = (1 x 23).= 8 e
{e) 10101 = (1 x t40")_+ (0 x two’) + (L x two®)
~+ (0 xutwo) + (1 x one)
(1.x 27) + (1 x 22)‘+ (1 x1) =21

I

2)7

[

. (d) 11000, . (1 x twou) + {1 X twos) + (0 X two
' » .+ (o'xutwq) + (0 X one)
(1 x27) + (1 x 23) = 24’

. -

[

.,
* t ‘ ] . Gt; ~ e ’ ,




- - 4 . ;
S ] 61
7 : ' v ’ —
Lo 3 . 2,4,
, (e) 10100, = (1 x two') + (0 x two ) + (1-% two“)
Fx : . + (0_ X two) +.(0 X one) '
~ = (ix 24) + (1 x 2°) = 20’
5. (a) 111, 0 [(c) 110000, i
) (b-). 101{1two © (d) 110110twq
6. “(a). 10‘?‘”0 : (c) 111,
(®) 11i.0 (@) 11, . -
7. (a) 100011, ’ (c,) 1100, .
(b) 10000000, . (a) ?1001‘ootwo )
“ 7 - R
J - ) ) .
; Answers—--Chapter 2 |
Exercises 2-2a. i ’ T ]
E ‘ <
“1. Parts a, c, g, £, h, 1, m are true
Parts b,’e, g, J, k, !, are false - ",'
2. (a) 644 (b) 110,596 (c) 155,752 (d) 1054,yen
) . -’ , . ,
3. (a) TH+b=da47 (£) (3.2)+5=5+(3 %) ,
' (b) 12 -5>5-11 (g) 8-3%<9-3 -
. ©o(e) 212 f2-32 (n) 8 - 135 86
(d) 3 <6 . o (1) 24 &+ 3
) (e) 162 9>3 (J) .a>
. 'l:_., ‘(a) 2052 (b) 25,‘620 (c) .289,884 (a) 11.3’58even .
5. (&) 5 . (e) 46 . <
. (v) 5 (£)°Q, 1, 2, 3, %, 5,6 ° )
- () o. #* () 0, 1,2, 3,4
(4) 0, 1 .(h) any whole number
" Exercises 2-2b. ‘ 8 N i
" '1. Result is unchanged in parts a, b, c. o B
Result is changed 1n parts d, e, T, g,’h, 1.’_ :

2. No. C -

. . ) . . )
_» . qr}in‘/ »

a, c, e, °J
. . Y . . ¥
. o .. 6% N -

3. The activities are commup'ative inparts

4




. 62
¢ B / !
' 4.- Yes. ° N ' - - Co-
. - . . - -5 .-
*5., The operation in part d is commutative, (The- L
e - operations in parts a, b, ¢ are commutative only if
f/ the first number in each is equal to the second. ) .
6. Examples of commwbative activities. . ;
. To wash your face and wash your hair.
To go north one block and then west one block
.o ! Ta. count- to 100 and write the 31phabet.
Exaﬁples of activities‘which are not commusemtive.
To put out thefcat and go to bed. .
. g To eat dinner and get up from the table.
! To rake the leaves and burn them.
- ) 1 . '
. Exercises 2-3. .
lér 4 +T)+2=4+ (7 +2) Associative propert&'
()'*""7) =ll+2=13 of p.ddition~ —
h (7+2)='2.+9=13
o (b) 8 + ¢6+3) =(8+6) +3 Associative prtoperty~
. 8+ (6+3)= 84+9=17 of addition _ ]
(8+6) +3=14+3=17"" -
. qw — - -
, \ (¢) 46 +.(73 + 98) = (46 + 73) + 98 Assoclative
. _ _ - property of
. . ‘ u6+(73+98)4_u6+171_217 ‘aadition o - ° .
(46 + 73) + 98 = ¥19 + 98 = 217
- ; . ty .
(d) {6 -5) -9=6-(5"9) Y. Associatiwe property —
. (6‘: 5) - 9 =30+ 9 =270 of.meltiplication
. 6 - (5-9) =6 j¥=270 e
. ) . ° :
- (e) (21 + 5) + 4 =21 + {5 + Associative property. = ¢
21 +5) 4 b =26+ 4 =30 OFf additlon
v 21 + (5 +4) =21 + 9 = 30 - e, .
~ (f) (9 -7) - 8= (7 - 8) Associative property LT

9
(9 . 7) .8 =63 . 8 = 50“ of mul‘tiplication _
9 504 .
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(g)- 436 + ku76 + 1)

-

(c) There 15 no associative property subtraction

or the associative property of suotraction does

>

Tot hold.= ! - o '
- . , 3 <
T O ic?— (20+ 2) = &
JNO. ." ()/ O—'20)12=2
(‘?’5 +§ + 1" /g‘) Thé*'associati‘\‘re prope
.
= = 25 4 does not’ hold for div

75 + (

~

,=2'Z~+18$45 ] vo.
18 - - .
72 ' '

= 72 +.84 = 156

-(u36 + U76) + 1. _Associtive

N pro ,of
436 + (476 + 1) = 436 + 497 = 913 addition
€436 + l+76) + 1 912 +1= 913 ¢ . N
th) *(57 ¢ 80) 75 = 5T.% (80 - T5\ Associative
. ) - . _ . property of-
(57 - 8@) - (4560). + 75 = 342,000 multiplicatiorf
» 57 - (80 - 75) = 57 --6000 = 342,000.
2. (a) NO ) K .- ' e, ' . ~ ) . ."
(b) 'No. : A o
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5.

20 go<
s 5™ 8o
. « 10 70
* 71 7< s
B 4N 28
a2 L)

@)

L la)

(e)

(a?
(b)
(c)
(a)
(p)

L4 12 = 453, X €93
28 + 29 = 48 .
18 + 24 sz (g)
6 - 7 =142 '
48 + 42 = 90 - (n) 2

5+ 6-=%90
23 + 5 =115 (1)
46 + 69" ='115

. A
o 5
’ ~
. L ) ‘ o
\" - /\§
_90+6O - ;(\\A
. = 150 T
N S %V
& P}
= (200 + 80) + (70 ¥ 28). .
= 280 + 98 7
=378
A 'Q ‘
» .
. ] L A
30 + 18 = 48 L - -
6’ . 8:-,:“48 I .
2 - éu = 48 ' &
32 + 1dw= L8 .
. S-E— 63 -
6o+3 =63 . .

’."["

3216 +-3484 = 6700 *
67 .100 = 6700 .

‘li‘7=77 &) 36+36 72 . \‘¢
33 + b = 77 - 72 1 =72 ' '
3. (B+3)=(3 -8)+ (3.3 = B
v . . . L . -
. - = -)4 2‘ LI
2. (L+5)=(2-8)+(2"5) >
013 (6 + 4) = (13 - 6) + (13 . &) T T
(6+4) % (13- § A ,
(2-7)+ (3 -sI)-(_2_+-%7,-7 T
u (& - b))+ (T - 4) = (64 7) - b X
’ / w* ‘ N ¢ L
B ¥ d:* *
c‘ . ;—il .&‘ . S ‘ '. .
[, ) . ) ‘j.i..




. a . ’ ’ ‘ ¢\- N
| b, (a) 9. (8 +2) © (@) (131.6) + (27 - 6)
. (0) (8 .14+ (8°17) () (15 - 6) + (15 7 13)
‘ ST (1275) 4 2 7). fr) 12 (5% #)
" 50 (a) (5 7)+ (5.48) =5 (7 #8) i
- F (B (3 -4)+(35) =3 (4 +5)
() (5--11) + (5.2 =5 (11 %2)
> ’
. (d) (3--@) + (3 1{) =3 . (9+17)
, - (e) (5 20) + (5 )=5-(20+2-3)
2t . - /
L) (3 020) + {3 - 7) =3 - (20+7T)
. 6. "The Tollowing parts are true: b, ¢, d.
R - The following ‘parts are false: 'a, e.
o Exercises 2-5.." - )
1., The operations in the following parts have inversgs:
. T, b:l c~d, ‘e, f, h J, 1, o. T
e 2.. (a), Put down tne pencil‘ ’ - '
(b) .Pake off your hat. .
. (c) . Get out of a ¢ar.
B (@) J.Jithdraw your hand.
o~ (e) Divide. N e .
[P * . g . ‘A .
> - (g‘) 'Tear down. . Y .
;oo (h) _Step batkward. '
. "(J)- Subtraction.
: (1) 4 Acfditibn o>
- (o) Putting on 2 tlr’i -
o 3. (a) g,6~71 < 1) $1342.67 (k) 33
.~ (b) $507.10 (g) 876 - | (1) 1476
X (c) 506 ft. . ~(n) o9& " " (m) 68
. (d) $1412.78 f (L)Y 798 - (n) 143-
(e) $1101.0% (§) 697 (o). \581’&/0’
. o . . . »
" e 4 v * ' . ' ‘
4 - > N .
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(. e - ; - )
> ‘ ‘ ~ .
.  ° . £, s .
o b (a) 5 - Todn) k& I .
° -~ (v) 5 - (0} 37 T '
| . - . RN ) - [} .
C e ) LN s
A8y 7 Y e »
oo (o) s T s T
~(f) "0 ‘ (s) & - L
» ' ‘ -
LT e (g) 8 . . T).e¢ - . ,
' (n) " () © : . B
- “(j:). 3 ‘\ "1, (V)“v O‘ i 4 - -

_ Nt e o
T e (%{None T x) 1 - ’ ) - .
g (1) D (¥) 1 \ ,

. /~ . (m) Any whole number (z) k1 v

.* . . Se.'.' ‘ . N , , - !
- 5. (a) 19 o, (e)‘165821 i )} .8
et T (b)) 1992 ¢ T ¥e) a3 e n
- - . . * { - LI ‘
O (€) 6 S
“(d) 19,219 (n) 20° -
Exércises _2;@ e .L v . ‘ L
. . , : ’ - . \ . . . .
S (a) xtoo e () 2 : -
s (b) 21 (g) , None ‘ :
(e b (n) €8 D -
= - (d) 7 - (1) (3).1s %nswer. The answer .
" ] " {e) - None : o0uld ber writ®én as either |
. a-§b+1*§crta—b~)-l (
) . n ' . e . or (g -1) - b, T
-2 (a) 10 N Me) 18 3 -
R R Y I - (£} 22 | “
e (¢) 2¢ .. (g) 16 7~ o v
© 0 (a) 30 S 9 , an
.. 3. [a), (b)), (e), (&), (1), (4) : .
4..' (a) Yes. (b)- Yes. . (c) Yes. .
M e . a b RN Yy
= "‘6"5 ¢c-d = d & b ¢ e o
. . » .
) , -Elther of the'two situatlons is possible. The diagrams
* '{ndicate that b 1is betweef? "¢ and 4 regardiess of.
whether ¢ < d or d <'c. S L ’\
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v Exercises 2-7. . : K g
- 1.  The symbols in- the following parts represent the *
" ' riumber 1: . . ) ,
- . ¥ ] t ) I ’
! (), (o3 (3), (8), ‘(). (1) '(¥), (D (0)s (o), (p)
! ) . L .20 _2° ¢
. 2. “(a) 100 -1 =100. ,. (d), 1§- Flx s .
*© (b)) 1p - 1.1 .1210 (e)) 0y 1 =0 , ..

3. We can get any counting number by the' repeatd- addition o
- of/1 to another counting numoer if tbe numoer’ we wish

. to_get is larger than the counting, mmoer to which we . ‘ |
" add. : . , T Coe
5 = f/ v v,
i We can get any counting number by ‘the repeéted suo— !
. ' w4 traction ofel fi'om another counting: fumber ig the . A
¢ : number we wish to get, 1s'smaller than the countj.ng . . v
_;' T numbe® from whicn we suptract. . = STy ¢
" " "4, 'Yes. 1-1=0;3-1.~1-1=0, Zerods not'a
. A ’ 2
) Co codnting» number, . P
! ‘ 5. The successive addition of 1's:to.any coanting number -
will give A coun;eing number ‘But, the successive ’ a
+ subtractign of 1's i:r'om dzy counting nuroer will become
., v if Carrieq far enough. o -
: 6 ~{a¥ 875429,“ L) 897638 ) )3479 (g) 1 e
. C () 976%33 (d) 896758 ERE R I ¢ N
. g . L L v .
L Exercises 2. E . , -
* ' t g . N
By »
. . 1. The s‘mbols in-the f‘ollowing parts epresent 231‘0 ‘
’ - . . - R 3
. _\(b), (d), (£), (n), (,),, K ,

o)y dads ()




R\

{a) - 1é42’4
(v) 6&1388
(c) 15h4, remainder 56 (n)

(1) 897

oy . , . :
'(‘?T\, $397-16 o v .
Division by zérp notx',i)gssibleﬂ

- - e 1

* (d) 152, remainder 60 (o) -1 \ - e L
(e) $36538.26 . . (p) 41846

“(r) $eomrTiel l('g) o e - |
@ o~ (r) o, S
(n) "$8Y6.25 J e o " I
(1) $70. 65 LB - C
) B9~ WL Ly e -
(0 39 . L vy serasl L ,

) . - /7 . - i
The' error 1s 1n' the generalization to g in part (1).
If a *b=0,>a or b, does not need to » . .

Example: 2 * 2 = 4, ) This exercise shows the error - .
. ke .
. that may be made by making‘ a. generalization

on ‘a few ¢ases.
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